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TIME SERIES REGRESSION

AGENDA:

A.
B.

A couple of general considerations in analyzing time series data
Intervention analysis

1. Example of simple interupted time series models.

2. Checking the adequacy of the models.

3. Modification.

. SOME PROBLEMS IN ANALYZING TIME SERIES:

A.

In the last class [Class T9)]we used regression to see how an “intervention”
affected a dependent variable measured at discrete time periods.
1. WEe Il continue that analysisin a moment.
2. But we first need to review the assumptions underlying regression analysis,
particularly those pertaining to the error term.
Regression assumptions:
1. If “time” isthe unit of analysis we can till regress some dependent
variable, Y, on one or more independent variables.
I Last time we dealt with a particularly simple variable, a*“time
counter.”
1) That is, X wasdefinedas X, =1, 2, 3, ..., N
ii. The form of aregression model with one explanatory variableis:

Y, = Bo + let t & ||

2. Assumptions about g, the “error term”:
i E(e) =0, zero mean
ii. E(e? = s? constant variance
iii. E(e, X)) =0, no correlation with X
Iv. E(e, e.,) , no autocorrelation.
V. e ~ Normally distributed (for hypothesis testing).

3. Assumption four is especialy important and most likely not to be met when
using time series data.

Autocorrelation.

1. It is not uncommon for errorsto “track’ themselves; that is, for the error a
timet to depend in part onitsvalue at t - m, wheremisaprior time
period.
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i The most common situation occurs when m = 1, whichis called a
first-order autocorrelation

t

gg, _,# 0 ||

1) This form indicates that the errors at a prior time (i.e., one
prior time period) are correlated (not independent) of errors
at the following time period.

Another view of autocorrelation.
I Suppose that the errors in one time period are correlated with the
errors in the preceding time period.

1) Thisis actually a common occurrence.

ii. Such a situation can be called a fir st-or der autor egressive process.

1) A simple linear model has the usua form

|| Y, = Bo + let t & ||

2) But now the errors are related by the (linear) simple
regression function:

[ & = P&, * W ||

3) That isthe error at timet isafunction of the error at time t
- 1 and arandom disturbance.
iii. This model has these properties. (That is, we make these

assumptions.)
1) E[n] = 0; the mean of disturbancesis zero (“they cancel
out”);

2) E[n?] = s,? the disturbances have constant variance;

3) E[n,n,_,] =0, disturbances are uncorrel ated;

4) E[n,e_,] = 0; no correlation between disturbance at t and

the error inthemodel at t - 1.

5) -1 <r < +1, rho, the autocorrelation parameter is afraction.
V. Since each error, e, isaportion of the immediately preceding one

plus a random disturbance, it can be written as (using repeated

substitutions):
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t = P& TV

= plpg, + vyl + v

= p%,_, + PV, +*V
P&, * PViy t

= ppe, . + Vv, ] +pV,, +V
pPLPE; 3 b2l * PV t

=p% 5 + PV, + PV, *V
P& 3 * PV PV t

etc.

— At (il
=PE€ TP Vi T TPV TV

In other words, the errors at timet, are created as alinear function of a
random disturbance and ultimately of the “first” or original error, e,

If we knew the value of the autocorrelation parameter, r, we would bein a
position to specify the error structure and use OL S to estimate the
parameters of the time series regression model.

i But since we don’t a problem arises.

D. The consequences of autocorrelation.

1.

Recall that an estimator is unbiased if its expected value equals the

population parameter it is estimating.

I Example: the mean is an unbiased estimator of the population mean
because E(Y) = n

But of course estimators have variances; that is, they vary from sample to

sample, afact represented by the standard error of the estimator.

(Positive) autocorrelation has the effect of deflating the size of standard

errors. This decrease in turn means that observed t values will be too large,

leading one to reject null hypotheses that should perhaps be accepted, and
that confidence intervals will be too narrow.

How serious this problem is depends on what one is doing with the data.

i For alarge sample (T islarge) and only one estimation equation the
potentially midleading results may be outweighed by the smplicity
of ignoring the problem

ii. Usualy, however, social scientists and policy analysts build and test
lots of models with the same data and so conduct numerous tests.
In this situation, drawing firm conclusions might be difficult,
especialy in view of al the other problems inherent in statistical
analysis.
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5. So later we'll ook at method for determining whether autocorrelation
seems to be a problem and what to do it is. But for now back to some
smple intervention analysis.

1. EXAMPLE INTERVENTION MODEL: ENERGY IMPORTS AND EXPORTS

A. Let’s examine some data from the Department of Energy regarding petroleum
products imports over the (nearly) last half century.
1. In particular we may want to know if the ail crises of the early 1970s had
any effect on imports.
2. Here are the data. The dependent variable is petroleum imports in millions
of barrels aday.

Y ear | nports Year | nports
1949 0. 22 1973 3.01
1950 0. 36 1974 2. 64
1951 0. 35 1975 1.95
1952 0. 38 1976 2.03
1953 0. 39 1977 2.19
1954 0. 40 1978 2.01
1955 0. 47 1979 1.94
1956 0.50 1980 1.65
1957 0.55 1981 1.60
1958 0. 75 1982 1.63
1959 0.81 1983 1.72
1960 0. 80 1984 2.01
1961 0.87 1985 1.87
1962 0. 96 1986 2. 05
1963 0. 99 1987 2.00
1964 1. 06 1988 2. 30
1965 1.23 1989 2.22
1966 1. 35 1990 2.12
1967 1.41 1991 1.84
1968 1.55 1992 1.80
1969 1.76 1993 1.83
1970 2.10 1994 1.93
1971 2. 25 1995 1.61
1972 2.53 1996 1.92

Table 1: Petroleum Product Imports

i We can start by graphing the data as usual.
1) For these it is convenient to use time series plot, although
the data could be plotted as Y versus year.
a) Doing so, in fact, might help us interpret the data.
b) The next page contains a time series plot.
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Imports

0
Tirne Period (Vears)

il and additier .
Zomre : Dopartme ot of Frazge

Petroleum Product Imports

1549 to 1994
(IWlilions of Barrels a Day)

Rmkmnprodns: afer 1551 iclndo feoline, avdation

2) The plot shows an obvious point: petroleum imports leveled
off after about 1972 to 1974.
a) WEe Il use the year 1971, the beginning of the first
postwar American “energy” crisis.
b) What impact did it have on imports?
We can compare the before and after levels using usual methods such as
difference of means procedures and tests or analysis of variance.
I Recall that analysis of variance allows one to compare and test for
differences of two or more means.
ii. We looked at the procedure when examining dummy variables.
iii. Below are the results using MINITAB.
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One-way Anal ysis of Variance

Anal ysi s of Variance for Petroinp

Sour ce DF SS VB F P
Pet duny 1 9.034 9.034 27.73 0. 000
Error 46 14. 984 0. 326

Tot al 47 24,019

I ndi vi dual 95% Cl's For Mean
Based on Pool ed St Dev

Level N Mean St Dev

--------- S L L L L L ST R T TR oo PR SRS o o

0 25 1. 0820 0.7544 (----- Booooc )

1 23 1. 9504 0. 2453 (----- Koo . )
--------- S L L L L L ST R T TR oo PR SRS o o

Pool ed St andard Dev

0. 5707 1.20 1.60 2.00

Table 2: ANOVA for Petroleum Data

V. Clearly the U.S. imported more oil in the post-crisis period than
before.
B. This fact can be verified by the smple changein level model discussed last time
(Class 19).
1. Let X, = O for time periods before 1971 and 1 afterwards.
2. The results of the regression of imports on X, alone are:

The regression equation is
Petroinmp = 1.08 + 0.868 Petduny

Pr edi ct or Coef St Dev T P
Const ant 1. 0820 0. 1141 9.48 0. 000
Pet duny 0. 8684 0. 1649 5.27 0. 000
S = 0.5707 R-Sq = 37.6% R-Sq(adj) = 36.3%

Anal ysi s of Variance

Sour ce DF SS VB F P
Regr essi on 1 9. 0344 9. 0344 27.73 0. 000
Resi dual Error 46 14. 9845 0. 3257

Tot al 47 24,0189

Table 3: Regression for Petroleum Data

I To interpret the data, which contains the same information as Table
2, substitute O for X, and observe that the expected level of imports
prior to the crisisis 1.083 million barrels a day.
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il After 1971 when X, = 1 the expected level is1.083 + .868 = 1.951
million barrels.
1) The regression parameter (.8684) in this case gives the
effect of the intervention on the level of imports.
iii. But what about trends of patterns in importation?
C. To investigate this question let’s use a modd that includes changesin level and

slope or trend.

1. Let X, =1, 2, 3,...48, acounter for year or time period,;

2. Now let X, = O for periods before 1971 and 1 otherwise;

3. and let X; = X, X,, an “interaction” variable that creates a dummy counter

of 0 before the intervention and time period number after.
4. The modd is:

|| E(Y), = By + BX, + BX, + BoX,

I Here b, istheinitial level of imports; b, isthe trend in the initial
(pre-intervention) period; and b, and b, are the effects of the
intervention on the levels and trend.

5. The results of the regression analysis are:
The regression equation is
Petroinmp = - 0.167 + 0.0961 Counter + 2.47 Petduny - 0.106 Petinter
Pr edi ct or Coef St Dev T P
Const ant -0. 1670 0. 1057 -1.58 0.121
Count er 0. 096077 0. 007109 13.51 0. 000
Pet duny 2.4732 0. 3208 7.71 0. 000
Petinter -0. 10569 0. 01075 -9.84 0. 000
S = 0.2563 R-Sg = 88. 0% R-Sg(adj) = 87.1%

Anal ysi s of Variance

Sour ce DF SS VB F P
Regr essi on 3 21.1280 7.0427 107. 19 0. 000
Resi dual Error 44 2.8909 0. 0657

Tot al 47 24,0189

Dur bi n- WAt son statistic = 0.53

Table 4: Multiple Regression for Petroleum Data
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6. At very first glance the model seems to fit the data and makes sense given
our expectations and the time series plot.
I Note in particular the slope or trend.
1) In the pre-crisis period the dlope is +.096 million barrels a
day.
2) In the post period it drops to .096077 - .10569 = -.00961.
3) There has thus been a change from a strong rate of
importation to a much smaller (and decreasing) rate.
D. Model adequacy.
1. But just how adequate is the model.
2. Actudly, it makes sense substantively but most social scientists would have
trouble accepting it before seeing additiona data.
3. In particular look at the errors plot against time order (or the appearance of
the data):
Residuals Versus the Order of the Data
(Response is imports)
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i The residuals, which are estimators of the errors, clearly follow a
pattern. In fact the pattern is obvious. positive residuals follow
positive residuals and negative follow negative.

il. Thisisan indication of positive autocorrelation.

V. DURBIN WATSON TEST FOR AUTOCORRELATION:
A. Identifying seria correlation: the Durbin-Waston test:
1. The previous regression table contained a new statistic, the Durbin-
Waston test.
I It is used to test the hypothesis that the autocorrel ation parameter,
r iszero.
ii. That is,

Hyp =0

versus (for positive autocorrel ation)

Hyp>0
2. The satigticis:
N ~
E (e - & 1)
DW = 122
N
~2
pIL
t=1

i The ¢'s areresidualsbased on an estimated model.
3. This formula can perhaps be interpreted best as a correlation among lagged

residuals.
B Lags:
1. The only tricky term in this formulais the subtraction of avalue at timet
by a previous value.
2. In the case of first order autocorrelation we need to worry about just one
lag.

i If the previous value is just one time period before (asin this case),
thetermiscalled lag 1. Lags of 2 and 3 are occasionally used. The
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figure below illustrates the idea of "lagged” variables.

Lagged Variables

Time (t) Y, YI-1
1 10
2 12 Qm Pair 1
3 14 ~ 12 Ppair 2
4 15\ 14 Pair 3
5 18 ~_ 16 Pair 4
6 20 18 Pair5s

T 20 Paire
corrkm#o?qmﬂﬁ@nﬁalrs

Example:
Y,and Y,
Y, and Y,
Etc.
Figure 3: Lagged Variables
C. Essentially, we shift al the data points down one time period (losing one in the

process) to create another variable. Hence, the pairs to be correlated are Y at time

landY at2; Y atime2andY a 3; Y attime3and Y a 4, and so forth.

1. These are the values that appear in the formula for the Durbin-Watson
statistic.

2. The idea of lagging is also used below to transform Y and X.

3. Note that we lose a case each time we lag.
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D.

E.

F.

If r =0, then the DW statistic will equal 2, except for sampling error. If r =1, the
DW gtatistic = 0.

Unfortunately, intermediate sample values are not tested in the usua
fashion of comparing them with some critical value. Instead, the following
rules of thumb:

1.
i.
ii.
iii.
iv.
V.
Vi.
Vii.
2.
i.
An dternative:
1.

If r =+, then DW equals about 0.

If r =-1, then DW equals about 4.

If r = 0 then DW equals about 2.

1) A value closeto 2, say 1.80, suggests that autocorrelation
may not be a problem.

To evaluate a hypothesis one uses atable of DW values.

1) Find the N (or T), the number of time periods and K, the
number of independent variables.

2) Use these two numbers to find two values: lower bound L,
and an upper bound U.

If DW is smaller than the lower bound, conclude that the

autocorrelation coefficient is positive and reject the null hypothesis.

1) Transform the data as suggested below.

If the observed DW statitic is greater than the upper bound,

conclude that the autocorrelation is 0.

If DW lies between U and L, the test isinconclusive. | would

suggest treating the data as though there were serial correlation,

although strictly speaking the null hypothesis cannot be reject.

What are the upper and lower bounds? Where do we get them.

Most texts on time series analysis and forecasting provide them. |
will attempt to scan a copy and make it available. In the meantime,
one will be attached to the next set of

Since the Durbin-Watson test is often inconclusive, some authors suggest

simply correlated the estimated errors (i.e., the residuals, Et ) and the

lagged residuals, &, , . If the correlation is greater than .3, assume

positive autocorrelation.
Notes: thisis avery conservative procedure in that we could accept some null
hypotheses (that is, have too large intervals) more than we should.

V. DEALING WITH SERIAL CORRELATION:

Several procedures have been recommended for dealing with the effects of
autocorrelation. The one we use here, called the Cochrane-Orcutt procedure,
sometimes involves an "iterative" method: one first estimates a model, then uses
the residuals from this model to estimate the autocorrelation parameter, r, by
lagging the them. Next one adjusts the original data, computes parameter estimates

A.
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(the estimated b's). If there is evidence of autocorrelation, one obtains new
estimates of the residuals using the revised model and estimatesr again. The data
are once more transformed using this new estimate of the autocorrelation
parameter. The process can be repeated until the serial correlation disappears as
much as possible (it might never).

1.

In fact, however, we usually need only one or two iterations.

B. More specificaly, the steps are:

1.
2.

6.

Use OL S to obtain the residuals. Store these in somewhere.
Lag the residuals 1 time period to obtain €, ,. MINITAB hasa

procedure:
i Go to Statistics, Time series, then Lag.
il. Pick the column containing the residuals from the model.
iii. Pick another column to store the lag residuals and press OK.
V. Y ou should name these columns clearly to keep the book keeping
smple.
1) Also, look at the data window to see what’ s going on.
Use descriptive statistics to obtain the simple correlation between the
residual column and the lagged residuals.
i Thisisthe estimate of r, the autocorrelation parameter.
Y ou will aso have to lag the dependent and independent variables so they
can be transformed.
I Make sure you know where they are stored.
Now transform the dependent variable:

Yt* =Y - f)Yt—l “

i That is, create a new variable (with the calculator or mathematical
expressions or let command) that issimply Y at timet minusr
timesY attimet - 1.

1) Example:

a) Suppose Y at timet is stored in column 10, its
lagged version in column 15 and the estimated
autocorrelation is .568. Then the let command will
store the new Y in column 25:

|| mtb>let ¢25 = ¢10 - (.568)*c15 ||

The first independent variable is transformed by
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I When using MINITAB just follow the procedure describe above for
Y.
1) Example:
a) If X, the counter say, is stored in column 7 and its
lag in column 17 (and once again the estimated r is
.568) then the MINITAB command will be

|| mtb>let c26 = c7 - (.568)* c17 ||

il. Since we are dealing with lagged variables, we will lose one
observation (see the figure above).
1) For now we can forget about them or use the following to
replace these missing first values.

Y, =1 - pRY,

ii.  The Y, and X;;, meanthefirst casefor Y and X, and so forth.

1) If there are more X's proceed in the same way.
7. Findly, regress the transformed variables (i.e., Y™ on the X™'sto obtain new
estimates of the coefficients, residuals, and so forth.
I Check the model adequacy with the Durbin-Watson statistic, plots
of errors and the usual.
ii. If the model is not satisfactory, treat the Y* and X* as“raw” data
and go through the process again.
8. Usudly, you will have to do this only once.

VI. NEXT TIME:
A. Example of the iterative procedure
B. More discussion of time series.
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