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ABSTRACT

This paper introduces a new graphical technique for the solution of the Lorentz transform in two x-t dimensions.  In the course of the development of this technique, the generalized Lorentz transform is graphically derived from the invariant space-time interval c.  This graphical technique maintains orthogonality of all axes with equal units of measure for time and distance for both reference frames, and can accommodate multiple reference frames.  The graphical solution yields the velocity four-vector explicitly, with direct application to more advanced topics in special relativity involving mass, momentum, and energy. 

PACS numbers:  03.30+

I.  INTRODUCTION

The Lorentz Transform is the foundation of the special theory of relativity1.  Nevertheless, this simple transform, as given in Eq. (1) for velocity in the x-direction, and time expressed in distance units, is far easier to apply than to visualize.




(1)

The Lorentz transformation modifies the Galilean transform x*=x-vt, t*=t, with the constraint that the space-time interval




(2)
is invariant for all reference frames; i.e., the speed of light is constant to all observers regardless of their relative motion with respect to one another.

The Lorentz transform can be a difficult concept to convey, because it seems to undermine the framework of  “rigid rods and clocks” 2 that form the basis for our conception of time and distance.  Indeed, most introductory discussions of the Lorentz transform begin with Einstein’s trains, running along embankments carefully pre-measured with rulers and synchronized clocks.  However correct these examples are, they convey a feeling of absoluteness to the measurement of events which does not, and cannot, exist.  Even if such a framework of rigid rods with clocks at each intersection existed, as shown in Fig. 1, that framework would tell us nothing that we do not already know.  This is because the radial distance between the observer and the observed event is indeterminate.  Since the radial distance must be known to determine the time t of the event, the time of the event also becomes indeterminate.  Given a single observation of an event which generates a point source of light, one of the stars in Fig. 1, we only know the direction, in terms of azimuth and elevation, and time of receipt.  We do not know if the event occurred 400 meters, 400 kilometers, or 400 light-years away.   A minimum of two observations, with a component normal to the radial distance, is required to “fix” the event at a certain location x,t.  If that normal component is in the spatial y-z plane, we can measure radial distance by subtended angles using parallax, or, if the absolute brightness of the event is known, by relative brightness (a form of parallax).  If the normal component to radial distance is in the x-t plane, we use active interrogation and response, such as radar.  In either case, as pointed out by Eddington1, the observer infers the distance to the event, and hence the time of the event, from strictly local measurements made at the point of observation: either by subtended angles, by relative brightness, or by the time difference between interrogation and response measured by the local clock.

We will use active interrogation and response in this paper to link measurements in one reference frame, S, to measurements in another, S*.  Obviously, extending a radar beam hundreds of light years, and waiting for the echo, is nearly as daunting a task as extending a rigid rod that far.  However, the radar equation, given in Eq. (3) below, is analytically simple, while clearly conveying the central role that light plays in the formulation of inferred distance and inferred time.



 
(3)
Viewed as inferences derived from measurements of a local clock, the resulting measurements of time and distance seem more flexible than a framework of rigid rods and dispersed clocks.  The observer S really “knows” only the time of transmission of an interrogation pulse, and the time of receipt of the reply pulse, and uses Eq. (3) to infer from where and when the reply was generated.  The x, ct  measurement obtained is valid only in S’s reference frame, and is derived from classical time-speed-distance calculations: the outgoing interrogation, at velocity c and emitted at t, overtakes a trajectory x=vt, collocated at t=0.
Mass is likewise an inferred measurement based on the relative x, ct displacements of distant interacting objects, because obviously, S cannot weigh a moving object S* at a distance.  And from inferred mass comes inferred energy and momentum.  The fact that these quantities are inferred does not mean that they are not real.  Those measurements are real, but only in S’s reference frame. Normally, this doesn’t matter:  events are where S and S* measure them, respectively, and the one cannot obtain measurements in the other’s reference frame.  However, if S and S* communicate their respective measurements one to the other (or one has a priori knowledge of an event’s proper time duration or spatial extent, such as the decay time of a subatomic particle) the two measurements x, ct and x*, ct*  must be reconciled through the Lorentz transform.

II.  GRAPHICAL SOLUTIONS TO THE LORENTZ TRANSFORM  

A graphical solution to the Lorentz transform must map events occurring in a volume of non-Euclidean four-space onto the two-dimensional Euclidean surface of a sheet of paper.  This mapping process encounters difficulties similar to those encountered in mapping the surface of a sphere onto a plane.  Any such mapping will entail compromises:  for example, the Mercator mapping of the Earth’s surface is effective in depicting a large percentage of the surface area, but distorts areas near the pole, and depicts great circle lines as curved.  To date, only a single graphical solution to the Lorentz transform, the Minkowski space-time diagram4, is in common use.  We will review that technique briefly, identify its strengths and weaknesses, then proceed to develop an alternative technique.

A.  The Minkowski Space-Time Diagram

The Minkowski space-time diagram  is depicted in Fig. 2. We will briefly review its construction.

 The x-t  axes of the rest reference frame are erected, with  t  vertical.  The worldline of the target reference frame is constructed on the rest frame’s x-t plane as the trajectory x=vt,  where v is the relative velocity of the target reference frame.  The worldline becomes the t* axis of the target reference frame, inclined at the Minkowski angle (  to the rest frame’s t axis, where:




(4)

Similarly, the x*  axis of the target reference frame is constructed as t=vx, inclined upward by (.

 Lines of constant ( are erected as 

, to intercept the t*  axis, and (for lack of a better term) constant “anti-(”, as 

, to intercept the x*  axis.  The scale of the t* axis is “stretched” by setting t*=(  at the intersection with the line of constant (, and similarly for the x* axis.  

The Minkowski space-time diagram has the advantage that the event and the measurement of the event occupy the same location on the paper  “mapping coordinates”, and is measured by one or the other reference frame’s coordinate systems. For the example shown, the point with coordinates x=1.0, ct=1.5 in S is read off S*’s coordinates as x*=0.288, ct*=1.154, when S* has a relative velocity v=0.5c with respect to S.

However, in exchange for this simplification,  the Minkowski space-time diagram has a number of disadvantages:  (1)  it is uniquely tied to a single target reference frame, since the transformed coordinates are tied to a given velocity v.  (2)  the units of measure differ between the reference frame due to the applied “stretch factor.”  (3)  the target reference frame is not presented as orthogonal, and as a result, it is difficult to perform subsequent geometry in the target reference frame.  

B.  Graphical solutions on the Minkowski Worldline:  the Lorentz angle and the timeline

To improve on the Minkowski diagram, we must establish a two-dimensional mapping of the non-Euclidean space-time interval c(

 which preserves equal units of measure of time and orthogonality of x,t and x*, t* in both references frames in the mapping coordinates.  We accomplish this in Fig. 3 by erecting the x,ct axes of S and S*’s worldline x=vt, as before.  We now must locate a t*  axis, and an orthogonal x* axis.

1.  Mapping worldline events to proper time: Locating the t* Axis.  

We locate two events, A1=(0, ct1) and A2 (0, ct2), corresponding to the time of transmission and time of receipt, respectively, of an interrogation and reply pulse from the origin of  S.  Using Eq. (3), we infer the reflection event A3=x3,ct3.  We then inscribe a circle of radius x3, centered on ct3  (point A), with A1, A2, and A3 on the perimeter.  If A3 is a moving point on the S* worldline x=vt, then v=x3/t3.  We now determine ct*, the proper time at which S* will receive and reply to that interrogation pulse, based on S*’s clock.  Since S*’s receipt, whenever it occurs, is at x*=0, ct* equals c( by Eq. (2), and is located graphically as follows:  a line through O is erected, tangent to the circle A at A4.  Since OA=ct, and AA4 =|AA3|=|x3|, and OA4(AA4, therefore OA4=

c(, the proper time of the measurement from Eq. (2).  Since any two of the four points A1 through A4  are sufficient to define the circle A and thereby locate the remaining two points, I define A as the inferential circle:  a circle containing the proper times of the beginning and completion of a measurement,  the inferred measurement location in the measurer’s reference frame, and the proper time of the measurement. For all x=vt on the Minkowski worldline OA3, Eq. (2) becomes




(5)
and the x* components of  c( vanish.  For this case, the space-time interval c( becomes the proper time5 ct* given by Eq. (5) of the event A4, given by the length of OA4.  This is the time of receipt by S* of the interrogation originating in S at A3.  S, however, will determine the location and time of receipt of interrogation at A3, since the reply from A4 returns to S at A2.  A4 is the Lorentz transform of A3 given by Eq. (1) for x=vt.

The term c(, given by Eq. (2), is a scalar quantity6, which in Fig. 3 is the radius of the circle about O tangent to AA4.  Scalar c( depends only on x and ct, and can be satisfied by any reference frame, each with its own combination of x* and ct*.  Eq. (5), however, selects the one reference frame satisfying Eq. (2) for which x*=0, and ct*=c(, and this reference frame has the worldline trajectory x=vt in S.  In this paper, we will observe the convention that the scalar spacetime interval c( associated with a specific worldline as in Eq. (5) becomes vector time ct* in that reference frame: scalar magnitude c( times a unit vector e0 in the direction of time.  

The line OA4 and the associated angle (AOA4 are unique to this graphical solution and have not been previously described in the literature.  I define OA4 to be the  timeline of the reference frame S*, or the locus of successive proper clock readings in S*, measured from O.  Since the timeline marks proper clock readings in S*, it also marks the locus of x*=0 for all ct*, and has meaning only in S* where the clock events occur.  Similarly, OA is the timeline of S and the locus of x=0.  The corresponding worldline OA3 is the locus of successive measurements in S of events generated along the timeline OA4 of S*, and has meaning only in S, where the measurements were made.  Note that while the Minkowski space-time diagram of Fig. 2 equated the worldline and the timeline, in Fig. 3 the worldline of measurements OA3 does not overlay the timeline of corresponding proper events OA4. The two timelines OA and OA4 are separated by angle (AOA4 which I define as the Lorentz angle (.  Since triangle AOA4 is a right triangle, ct*=ct(cos ((), and using Eq. (5), the sine and cosine components of ( are determined in terms of v.




(6)

We can then rewrite Eq. (1) in terms of Eq. (6), because the trigonometric form of the Lorentz transform is easier to manipulate and graphically interpret:




(7)

For x=vt=ct·sin((),  Eq. (7) reduces to the proper time:




(8)

Of the events A1 through A4,  S has direct knowledge only of A1 and A2, and S* has knowledge only of A4.  The only observer that has direct knowledge of A3 is a fixed observer at rest in S at that location.  If such an observer at A3 exists, that observer would agree with S’s inferred time of arrival of the interrogation at A3.  That observer would further agree that S* was in fact at that location simultaneously with the arrival of the interrogation, corroborating S’s inference, since A4’s reply arrived simultaneously with A3’s at A2.  However, since A4 is a proper time, measured by S*’s clock, only S*, or another observer at rest in S*, can measure that time directly.  No observer in S can have knowledge of that clock reading unless S* communicates it, by some means, with its reply, or S uses the Lorentz transform to reconcile the inferred location A3 to the corresponding proper time A4.

2.  Relativistic Doppler Shift: Propagating theTime of Transmission to Time of Receipt.

A4 can be determined in terms of A1.  Since the point B is the intersection of two lines tangent to the inferential circle at A1 and A4, the interval A1B is equal ct1 tan( and to the distance BA4.  The interval OB is equal to ct1/cos(and the interval OA4=ct*  can be defined




(9)

Equation (9) yields the fully-receding relativistic Doppler transform7 for a wave with frequency f=1/ct1 to a frequency observed in S*, f*=1/ct*, after rearrangement and substitution of the trigonometric identity 

:




(10)

Thus we see that the time of transmission ct1= ct-x in S is Doppler-shifted to the time of receipt ct* in S* along the path A1BA4, corresponding to


.  Alternatively, if time of receipt is known and time of transmission desired, the Doppler shift is computed along A4AA1, corresponding to 

.  In this projection, between time lines, light covers equal distance in space plane of the reference frame of origination with equal times in the reference frame of reception.  

3.  Mapping Time Line Events to the Worldline: Locating the x*-Axis

Now let us determine what S* infers in terms of distance, as shown in Fig. 4.  B forms the center of a second  inferential circle for S*, which connects A1=B4, a proper time of transmission, and A4=B2, a proper time of reception, with a radius A1B=ct1(tan(().  That inferential circle for S* is completed to determine  B3 normal to S*’s timeline, with BB3= |A1B|= x*3 to yield




(11)
which is the result of Eq. (7) for x1=0, ct1. Had S* chosen to interrogate S, that interrogation would have commenced at B1, been completed at B2, and B3 determined by Eq. (3) to lie on  OB3, the worldline x*=vt* of S in S*.
Thus both S and S* infer that the other reference frame is “moving” with respect to a fixed speed of light in symmetrically opposite directions with v=-v*.

Let us review this graphical technique.  

· The measurement of an event by one reference frame is separated from the proper time of the event.

· Events in their own reference frame are measured along a timeline, passing through O, the point of collocation, and inclined at the Lorentz angle =sin-1(v/c) with respect to the reference frame against which measurements are to be compared.

· The timeline forms the basis vector e0 for measurement of time for that reference frame, measured radially outward from O;

· The basis vector e1 for x measurements is normal to the timeline of that reference frame;

· The scalar invariant interval cis the radius of a circle about O;

· The invariant interval c is mapped onto a particular vector time ct* at the intersection of a circle of radius cabout Oand the reference frame’s timeline.

This graphical technique essentially overlays the two reference frames’ coordinate systems.  There is no “rest frame” per se  in this depiction.  The preferred reference frame is the one arbitrarily chosen so that time is vertical.  The other reference frame can be made preferred by simply rotating the depiction until that reference frame’s timeline is vertical.  

4.  Eddington’s Cigar Smoking Experiment

Let us take a moment now to review a work by Eddington8 in which two observers determine that each other’s thirty minute cigar lasts twice as long as their own.  A stationary observer on earth, A, is overflown at O by an aviator B, (after all, this was written in 1920!) in a spacecraft traveling at 0.866c, which corresponds to a Lorentz angle of 60 degrees, with sin()=0.866 and cos()=0.5.  At that time, both synchronize their clocks to zero, and each light a cigar, which is known to last thirty minutes.  They agree to inform each other when the cigar is finished.  The results are shown in table I and Fig. 5.  At event A4, after 30 minutes have elapsed, B informs A of the completion of her cigar;  A will receive that information, Doppler-shifted along A4AA2, 112 minutes after flyby, and infer that the message was transmitted from A3, at ct3=60 minutes and x= 0.866c, and that B’s cigar lasted twice as long as his own.  A, of course, completed his smoke thirty minutes after flyby at B4, and informed B, who receives that message 112 minutes after flyby , Doppler-shifted along B4BB2.  B will infer that A’s smoke also lasted one hour, twice as long as hers, at B3, a distance of -0.866c.  Thus both observers determine that each other’s cigar lasted twice as long as their own, based on measurements made in their own reference frame.  In this case, the inference is derived from the intercept of a light line x=c(t2-t)  along A2A3 with the worldline x=vt, and likewise for B along x*=-vt.  However, upon application of  Eq. (7) to the measurements A3 and B3, they will agree that each cigar lasted exactly a proper time of thirty minutes, completed at proper times A2 and B2.  This case provides an example of the distinction between scalar c( and vector ct.  Both cigars were finished at the same scalar c(, at events A4 and B4, residing on the perimeter of the circle about O. The scalar c( is the magnitude of vector times ct and ct*, in the direction of the respective timelines.

C.  The Generalized Lorentz Transform

The solutions of B above dealt with obtaining the proper time, or a clock reading  ct* on the timeline, of a reference frame in relative motion, based on a measurement x, t of that reference frame’s worldline, x=vt. In all cases of this type, either x=vt and x*=0, or x=0 and x*=-vt*.  The reference frame being measured was not required to obtain any measurement other than the local clock.  We now will extend this procedure to use the measurement of an arbitrary location A3=x3,ct3  to obtain a location x*3,ct*3 .  We will develop two solutions for the generalized Lorentz transform.  The first solution continues the use of inferential circles developed in B, to demonstrate the measurement process taking place in S and S*, and derive graphically the generalized Lorentz transform.  The second solution uses the method of intermediate planes to develop the same solution using less cumbersome procedures.  

1.  The Inferential Circle Method

For an arbitrary measurement A3, both reference frames must make inferential time and distance measurements of a location away from their origins.  Since the reference frames are in relative motion, measurements must occur simultaneously in both reference frames.  By “simultaneously” (always a dangerous word in relativity!) we mean that the location being measured must receive interrogations from both S and S* simultaneously, with zero separation in time or space of the two receipts.  It does not matter whether the location being measured is at rest in S or S*, or in a third reference frame in relative motion to both.  It does not matter whether the location’s clock is synchronized to S, S* or undefined.  However, both interrogations must arrive simultaneously at A3.  S* does not reply to S’s interrogation immediately, but begins its own measurement upon receipt of S’s interrogation, and delays replying until that measurement is complete.

Fig. 6 shows how this is accomplished.  S initiates the ranging at A1, for which ct1=ct-x, some time after S and S* are collocated.  The ranging pulse continues to some distance to the right of the worldline of S* in S, shown dashed, to A3 and returns to S at A2, ct2=ct3+x3.  S infers that the reflection occurred at 

, at time 

.  S also infers that the outgoing interrogation pulse intercepted the worldline of S* at A’1 and A’2 for which





(12)

These events are marked with triangles in Fig. 6, to denote that they are measurements in S.  In order for S*’s measurement to arrive simultaneously with S’s at x,t, S* must initiate an interrogation pulse at ct’1 and will complete the measurement at ct’2, when both S’s and S*’s replies are received simultaneously.  Since ct’1 and ct’2 lie along the worldline x=vt of S* in S,  the proper time of these events in S* can be determined using Eq. (8) and the trigonometric identity 

:




(13)

These locations are marked as C1 and C2 in Fig. 6, proper times in S*.  C1 also lies on an inferential circle B, linking the proper time of transmission in S to the proper time of receipt in S*.  Likewise, C2 also lies on an inferential circle D, linking the proper time of transmission in S* to a proper time of receipt in S.  The location of C3, x*  and t* , can now be determined, using Eq. (3):




(14)

which yields Eq. (7), and thus Eq. (1) using Eq. (6). 

Figures 7a through e illustrate how the measurement progresses through various locations of x.  Fig. 7a is simply a repeat of Fig. 6.  As x is decreased, the inferential circles about S and S* both decrease in size, with ct*1 increasing and ct*2 decreasing until they overlap at a single point, a circle of zero radius, at x=vt, as shown in Fig. 7b.  This is the special case of x on the worldline of S* in S discussed in B above. As x  is further reduced to positive values less than vt, as shown in Fig. 7c, ct*1 becomes the time of completion of measurement in S*, ct*2  the time of initiation, and x* is determined to be negative.  In this region, neither S nor S* can “cause” the other to take a measurement, since each will receive the other’s interrogation too late to initiate one of their own. For all values of x=ct(tan(), the two circles become equal in size: this is a solution for Eq. (7) for x*=-x, t*=t.  As x is reduced to zero, ct1  and ct2 merge into a single point on the timeline of S, and S* locates the measurement on the worldline of S in S*, where x*=-vt*.  As x is reduced to negative values in Fig. 7e,  the role of ct1 and ct2  now reverse to the same sense as ct*1 and ct*2, and S* assumes the ability to cause measurements in S.

2.  Intermediate Plane Method

Fig. 8 demonstrates the solution using the intermediate plane method, on a general purpose plotting chart developed for solutions of the Lorentz transform.  This plotting charting consists of concentric rings of constant c(, about a point of collocation in the center.  Radial lines through the center denote timelines, which are calibrated on the perimeter of the outermost circle in Lorentz angles, and extended to the perimeter of the bounding square, where they are calibrated in the corresponding relative velocity.  For the example shown, v=0.5c corresponds to a 30 degree Lorentz angle.  Vertical and horizontal lines measure displacement and time respectively for locations in the preferred reference frame corresponding to (=0. To effect the intermediate plane method of solution:

· Locate the x,t  pair  to be transformed in the preferred reference frame.  In this example, we have located C, corresponding to x=0.6, ct=0.8.

· Construct a circle of radius ct centered on O through A, the time of  C in S.

· At the intersection of the circle with the timeline of the target reference frame B’, erect the intermediate plane A’B’C’ in the x* axis normal to the timeline at ct*=ct, extending above or below the point to be transformed.

· Drop a vertical line from C to intersect the intermediate plane at C’.  The displacement left or right normal to the timeline is the cosine projection of BC=x-vt on the x* axis, B’C’=x*=(x-vt)/cos(().  C’ is the correct spatial location of x*=0.2309,  but located at ct*=ct.

· Construct a circle about C’, of radius CC’.  CC’ is then equal to ct-ct/cos(()+x tan(()=0.2224
· From C’, extend in the same sense and length as CC’, parallel to the t* axis, to the perimeter of the inscribed circle C’.  This retards or advances, as appropriate, x*  to ct*=0.577, by subtracting CC’ from the intermediate ct*=ct=0.8. This locates C*=(x*,ct*)=(0.2309,0.577).
If C were a moving point in S, with velocity u=x/ct=0.6/0.8=0.75, then the relative velocity of C* in S* would be x*/ct*=0.2309/0.577=0.4, as given by the relativistic difference of velocities9:




(15)

To perform the inverse transform from C* in S* to C in S, simply erect a second circle of radius equal to ct*=0.577, and an intermediate plane DC’ through ct=ct*.  Since C’ lies at the intersection of two intermediate planes, the transformation proceeds along C*C’C, in the opposite direction to locate C.

By way of example,  two other points A and B simultaneous in S with C are also transformed.  B is selected at x=0.4, corresponding a point on the worldline of S* in S.  This point intercepts the intermediate plane ct*=ct coincident with the tip of the S* timeline at B’ and proceeds backward to B*=0.8(cos((),  the proper time of S* with x*=0.0.  Finally, A, corresponding to a point on the timeline of S* with x=0, is transformed through A’ to A*, for which x*=-0.8(tan((), ct*=0.8/cos(().  A* is a point on the worldline of S in S* with velocity v*/c=x*/ct*=-v/c.  Note that A, B and C, which were simultaneous in S at ct=0.8 are not simultaneous in S*.  Also note the sign change for the advancing and retarding of ct* with respect to ct which occurs at the bisector of ( (15 degree timeline), the intersection of the x and x*  planes at ct*=ct: points to the left of the bisector transform with ct*>ct and points to the right with ct*<ct.  Points on the bisector transform as ct*=ct, x*=-x=-ct(tan((/2).
III.  MASS, MOMENTUM AND ENERGY

The velocity four-vector is the basis for derivation of the mass, energy and momentum theorems of special relativity.10  The graphical technique developed contains the velocity four vector as an explicit solution.  We will first develop the velocity four-vector from the Lorentz transform displacements developed in Section II, then apply these graphical solutions to develop the mass, momentum and energy relationships of the special theory.

A.  Deriving the velocity four-vector from Lorentz transform displacements

Let us return to the special case of section IIB for measurements taken along the worldline x=vt.  We compute the inverse of Eq. (7) to obtain x,ct in terms of x*, ct*, and substitute cfor ct*, and x*=0, as shown in Fig. 9, and given below:




(15)

Here we violate this paper’s convention of using ct* for cfor a defined timeline in order to be consistent with standard practices in the literature.  Eq. (15) returns the worldline of S* in S as x=vt. These are position vectors of the measurement in S corresponding to an event at c in S*, a displacement four-vector.  Eq. (15) is differentiated with respect to cto obtain the velocity four-vector:




(16)

This is the displacement four-vector of Eq. (15), evaluated at unit (.  The interval OA* is the proper velocity of S*, and is always a magnitude of c in the direction of S*’s time vector, the timeline of S*.  The proper velocity is related to measurements made along S*’s worldline in S, in exactly the same manner as the invariant, or proper, interval obtained in Eq. (5): 




(17)

The relative velocity v=dx/dt in S is related through the Lorentz angle as a component of the proper velocity c.   As a result, this component can never exceed c.  Fig. 8 shows that the Lorentz transform can be modeled as a space in which all objects, not just light, propagate at the speed of light through a four-space coordinate system with entirely arbitrary coordinates.  However, while light propagates in all directions uniformly, material objects, such as S, can propagate in only one direction, and that direction becomes, for that object, local time.  Objects at rest in S share this direction of local time; the component of their proper velocity projected on S’s x axis is zero and the component on the t axis is 1.0 c.  In other words, they do not move in S’s spatial axes, but move with S in time. Another object S* propagating in a different direction will make some angle ( with the timeline of S. Components of the proper velocity of S*, c( tan(() and c/cos((), appear on S’s x and t axes, respectively, and S* moves in S with velocity v.  Viewed in this sense, relative velocity disappears as an independent variable.  Relative velocity is a projection of the proper velocity onto another reference frame’s x and t  axes with a proper velocity in a different direction, and is a function of the relative directions of the two proper velocities in four-space.

B.  Applying the velocity four-vector to derive mass, momentum and energy

The mass, momentum and energy relationships of the special theory of relativity are developed by multiplying the proper velocity c in the direction of time by the scalar rest mass m0, rather than (.  Viewed from another reference frame, this results in the momentum p and energy E/c, appearing as the spatial and temporal four-vector components11, respectively, in that reference frame, as shown in Fig. 10.




 (17)

These four-vector momentum-energy components have the following relationships:




(18)
where K (also T in some references) is the relativistic kinetic energy.  Since 1-cos(() tends towards (v/c)2/2 for small (, Newtonian kinetic energy is the small angle approximation to relativistic kinetic energy.

IV.  SUMMARY

The graphical projection developed in this paper is capable of dealing with the theorems of the special theory of relativity in a way to that appears simple and intuitive.  In fact, the solutions developed are reminiscent of the aviator’s “wind wheel” or the sailor’s maneuvering board solution for relative motion problems.  Like any projection of a higher-order dimensionality onto a two-dimensional plotting surface, this procedure has compromises, two in particular: 

· the measurement is separated from the event being measured, unlike the Minkowski space-time diagram in which two are identical, but measured against different axes.

· Light lines connecting moving reference frames must follow different trajectories than light lines connecting fixed points.

These disadvantages seem to be outweighed by the clear manner in which both reference frames are depicted in familiar space-time coordinates, and a clearer depiction of the symmetrical nature of the Lorentz transform.  The graphical solution depicts relative velocity as a component of proper velocity, projected along the spatial and temporal axes of another reference frame.  This solution eliminates the concept of relative velocity as an independent variable, and demonstrates clearly why v cannot exceed c.
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Table I.  Eddington’s cigar smokers’ time tablea
Stationary Watch
Stationary Observer A
Aviator B
Aviator’s Watch

0 min
Lights Cigar (O)
Lights Cigar (O)
0 min

30 mins
Finishes Cigar (B4)
---
15 mins

60 mins
Inferred time aviator’s cigar finished (A3)
Finishes Cigar (A4)
30 mins

112 mins
Receives signal aviator’s cigar finished (A2)
---
56 mins

120 mins
---
Inferred time stationary cigar finished (B3)
60 mins

224 mins
---
Receives signal stationary cigar finished (B2)
112 mins
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