NAME: CHEMISTRY 444, SPRING, 2008(08S)
Circle Section Number: 10 11 80 81 Examination 2, April 19, 2008

Answer each question in the space provided; use back of page if extra space is needed. Answer questions so the grader can READILY
understand your work; only work on the exam sheet will be considered. Write answers, where appropriate, with reasonable numbers of
significant figures. You may use only the "Student Handbook," a calculator, and a straight edge.

1. (10 points) Assume the following mechanism for a surface chemisorption with Langmuir behavior.

DO NOT WRITE
R,(gas) + 2M(surface) !!" 2 RM (adsorbed IN THIS SPACE
2 RM (adsorbed ! " R,(gas) + 2 M (surface) p.1 /10
Determine the expression for fractional surface coverage of R, as a function of pressure, P: HA__ (i
p.3 /15
p. 4 /10
p.5 /15
p. 6 /15
The rate of adsorption: Rate=k_ P(1" ! )? p7______ 710
p.8 /15
The rate of desorption: Rate=k,! ?
p. 9 /5
At equilibrium, adsorption and desorption rates are equal: (Extra credit)
TOTAL PTS
k,P@"! )% =k,! ?
/100
or
! k. P k. P
— = |2 and! =@"!)[-2
1" | Kk, K,
k,P
k KP)2 K
Thus, ! =——2 - or ! :i,whereK =2
14 [KP 1+ (KPY? Ky
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&d? #
2. (10 points) Find the simplest form of the following commutator > ,X2! .
X n

The simplest form is found by operation on an arbitrary function, f, of x.

" % d r_ d )d(x?) df , , d*f
s— x> f = X f x? = Y3\ e p 29 28T
XX & ( ) (X dxi¥ dx dx: ( dx?
2 2
= izl—ZXf+X2£: ( de—z = 2f +2x £+£z_2df ( de];
dx* dx- dx dx dx*  dx- dx
2 2
= 2f+2x£+2xﬂ+x2dz ( xd—];
dx dx dx dx
= 2f +4xﬁ
dx

Therefore, the simplest form of the commutator (an operator) is: 2+ 4Xd—.
X

Note that the question asked for the form of the operator, not the form of the operator applied to the function.

Score for Page




NAME: CHEM 444, Exam 2, Spring, 2008, page 3

3. (15 points) Based on your knowledge of simple 1D and 3D quantum mechanical systems, write an expression for the
wave function and energy (as dependent on appropriate quantum numbers) of a particle in a two-dimensional square box.
Find the five lowest energies. [Give energies as multiples of E, = h?/8ma?, where m is the mass of the particle, a is the
length of a side of the box, and h is Planck® constant.] Give the degeneracy of each energy level you have found.

The energies of the particle in a two-dimensional square box are found by analogy to the equation for 1D in the

Handbook:
h2
— 2 2 — 2 2
E = 8ma2(nx+ny) = Ey(n; +ny),

where both quantum numbers must be positive integers.

The easiest way to answer the problem is to create a table of energies as a function of the quantum numbers:

nx ny EE = nf + n§
0

1 1 2
1 2 5
2 1 5
2 2 8
1 3 10
3 1 10
2 3 13
3 2 13
3 3 18
1 4 17
4 1 17

The degeneracy of a level is the number of states at that energy. From the table above, we construct the requested
list of energies and degeneracies:

E g
EO
2 1
5 2
8 1
10 2
13 2
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4. (10 points) The ground-state wave function of the harmonic oscillator is given by the following formula:

(o0 = Abexpg‘ X i

2) 24

14
h2
where x is the deviation from the equilibrium point, © = % , kis the force constant of the spring, mis the mass of
ml'l

the particle, and his Planck® constant divided by 2! . Showing all work, normalize this wave function.

ANS:

The requirement is that the integral of the square be equal to 1:

)50 o0k = 1

+* X2
A )exp% —2de =1
WA A) +“n
Because this is a symmetric function, one has the following result:
+" 2 +" 2
2 ), X _ 2 ), X
A lexp #*—z%x = 2A) lexp #ﬁgix
o ( 7 o ( Y
This right-hand integral is given in the Handbook table of integrals, and the evaluation gives:

2+" RS _ 2)1 * _ 2, [%
2A3c!)exp-(#F§gx = ZA“'(E /+#2§;)_ AZ+*

Setting this equal to 1 gives the following equation:
AT =1

Hence, choosing A to be real,

1 1
A = ..\/,_ T Wiz, ua

So, the normalized function is

(o(x) = %fexpg

%

NG i#
2I'I

2)

Score for Page
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5. (10 points)
blank to the left of the phrase:

For each phrase in column A, indicate the appropriate definition from column B by placing the number in the

A

B

3 Polynomials included as part of the wave function
for the quantum mechanical harmonic oscillator

2 An example of a quantum mechanical observable

1 The orthogonality condition for wave functions of an
operator corresponding to different eigenvalues

12 Concept that a particle may escape through a
barrier of a finite height, even if it does not have
sufficient energy to go over the barrier

10 A statement of Heisenberg® uncertainty principle

10.

11.

12.

"D (0T =

all
space

Energy

Hermite

Infinite certainty

EMGOINGOENEE

all
space

Quality

Wave function

Laguerre
Lagrange
xp, 1D
2
Ixlp, =1
Tunneling

Score for Page
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6. (15 points) (a) For a general quantum mechanical angular momentum, can we know precisely the values of all three
components of the angular momentum vector simultaneously with one another as well as the total angular momentum?
Discuss your answer briefly.

Since the three components of angular momentum do not commute, it is not possible to know all three components
of a finite angular momentum, each with infinite precision. However, each of the components may be defined
precisely along with the square of the total angular momentum, because each commutes with the square of the
angular momentum.

(b) For a particle on aring, the wave function has the form:

n (#) r
where ! is the angle between the x axis of some co-ordinate system and the radius that connects the origin to the position of
the particle. What is the probability of finding the particle in a given infinitesimal interval d/ from / to / +d/ ?

The probability of finding the particle at a particular angle is the square of the magnitude of the wave function

. 1 2% 1 % 1
evaluated at that condition: P(") = ) (")) (") = é—e'g e’ = —
2! N 2! 2!

(c) What does the result of part (b) suggest about the operators e and'6?

Since the probability of finding the particle at a particular orientation is constant and equal, the system is in a state
in which the angular position is not well defined. In fact, all values are equally likely, so the probability is absolutely
random. If the system is in a state of constant angular momentum (which will be seen in part (d)), the operators
cannot have a complete set of common eigenstates. That is equivalent to saying that the two operators cannot
commute.

(d) What is the value of the z-component of the angular momentum for the particle described by the wave function of part
(b)?

Operation with the angular momentum operator gives the following equation:
() . # i3/ noe i3/ i3/
8$ - n |h#—le|3' = |2(3h)e|3. - Bhe|3.

This equation shows that the wave function is an eigenfunction of the operator with an eigenvalue of 3h. The

system is in a state of constant angular momentum about the z axis.

Score for Page
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7. (10 points) The hydrogen atom has a simple spectrum that one can analyze with quantum mechanics. In fact, being able
to predict the known connection between the integers and the line positions of the hydrogen atom that had been found by
Rydberg was a triumph of the present quantum theory. The visible spectrum consists of several sharp lines which belong to
the so-called Balmer series (which ends in the level with n = 2). In particular, there is a line in the red region (called the H-"
line) at 656.3 nm that dominates the visible emission spectrum of hydrogen, resulting in the beautiful pink glow of hydrogen
lamps. Using your knowledge of quantum mechanics, give the quantum numbers of the two states between which the
transition producing this line occurs. [Show clearly, with mathematics, how you would get this prediction.]

This is the reverse of the normal spectroscopy question.

First, one knows that the Balmer series involves transitions from the level with n =2, as indicated on page 442 of the text.
So, we have got one of the quantum numbers.

Second, let® convert the wave length of the radiation to the equivalent energy of transition:
0
JE = 2= 1 - gs037 1o‘im”§L ° = 1.5237" 10" cm'*
* 6563" 10 °m 100cm

1 1
According to the Rydberg formula, this should correspondto (E = R% ' —j Since n; = 2 and one knows R
n n
1 2

from Table 1.5, this is an equation for the second quantum number.

15237x10°cm™ = 1.097373]&107m_l(2—12 - iz)
n2
Then
0.13885 = 0.25 ! iz or 011115 = iz or n; = 89968t
n2 r-]2

Since we know that the value must be the square of an integer, let us presume that the difference between this number and
9 is just a round-of problem (which it is). The square root of 9 is 3.

Thus, this transition takes the hydrogen atom from the state with n, = 2 to the state with n, = 3.

Score for Page
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8. (15 points) (a) Show that the 1-dimensional quantum harmonic oscillator wave functions corresponding to the first excited
(n = 1) and third excited (n = 3) states are orthogonal.

" (y)=AH,(y)e”"'?  where y=x/$

" 5(y) = AH,(y)e "2

To show orthogonalityperform the following integration
%

& 1 (y)" 5(y) dy
#%
%

= AA, &2y)(8y° #12y) & dy (H and H, from Table 12.1 in Handbook)
#%
% ' %

=8AA, &2y #3y?) eV dy= 8A1A3%2 &2y*#3y?*) " dy  (Integrals from Table 2.
0 +

#%

:16A1A3Iz@\/-_#%\/-—120 (Thusprthogonal)

(b) What is the most probable location for the quantum 1-D harmonic oscillator in the ground state? Contrast this to the
behavior of a classical harmonic oscillator.

%,(y) = AH,(y)eY'?  wherey = x/#
%,(y) = A2

Probability Density,P:

P(y) = %, ()%, (y) = Aje’”

Most Probabld_ocation- - > MaximizesP(y) :

? =0="2A2ye”" 1 y=0(x®mm . .=0)(centenf range)

y

Classicay :for energyE,, x¢=@ = =+ =+#! y=z+1(edgeof range
0

most probable m$
s}
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9. (5 points, extra credit)

Photons described by the following superposition wavefunction are directed towards a vertically polarized lens (a filter lens
that allows light of a given direction of polarization to pass exclusively; in this case, light polarized in the vertical, #=0,
orientation):

= A g ero T 07 5o so0 T CH 500

Zero

What is the wavefunction of a given photon after passing through the lens. Give quantitative answers for the coefficients you
include.

"= (1

$=zero
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