NAME: SLEEPY CHEMISTRY 444, SPRING, 2007 (07S)
Circle Section Number: 10 11 80 Examination 2, April 14, 2007

Answer each question in the space provided; use back of page if extra space is needed. Answer questions so the grader can READILY
understand your work; only work on the exam sheet will be considered. Write answers, where appropriate, with reasonable numbers of
significant figures. You may use only the "Student Handbook," a calculator, and a straight edge.

1. (10 points) The ground state wave function for the one-dimensional harmonic oscillator is DO NOT WRITE
x2 IN THIS SPACE
Y,(x) = Aexp| - P
o p. 1 /10
where X is the deviation from the equilibrium position. Normalize this wave function. , s
p.2___
The normalization is the requirement that the following integral be equal to 1. p.3 /10
+00
j Y)Y, ()dx = 1 p. 4 /15
Substituting the function into this equation gives p.5__ /15
+00 X2 X2
IA exp| —— |Aexp| ——— |dx = 1 p.6______ /10
i 200 200
p.7 /10
+00 2 p. 8 /15
X _—
| A J.exp -—ldx =1
o a
Since this is an even function, one may replace the integral in the following manner P ?Em/i?)
+00 XZ
2
Al 2] EXp(_ ?]dx =1 TOTAL PTS
0
This integral is given in the Handbook.
2 /100
| A|2 (E‘\jﬂazJ =1

Assuming that A is a real number, this gives
1

1/4 1/2
/24

So, the normalized function is

1 x?
%0 = (i) exp[‘ Zaz}

A =
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2. (15 points) Determine <x®> - <x> fora particle in a one-dimensional box of length a when the system is in a state with
the quantum number n.

The normalized wave function for the particle in abox is

¥ (x) = \E sin(%)

One needs to calculate the two expectation values:

a a
2 . o NaxX
<X> = J'\Pn(x)x‘P(x)dx = —J'xsm2 — ldx
0 a 0 a
. L . . nzx .
A change of variable helps to get this integral into the proper form. Letting Y = ——,theintegral becomes
a

2( a\'"f
<X> = —|— Iysinzydy
a\nz) +
This integral is found in the Handbook, and the result is
2 2 _2
2( a n nz . cos(2n cos(0
<xX> = _(—j{ T _Zsin(2nx)- ( 7[)+ ()}
a\ Nz
n

4 8 8
_2a |n’Z’| _ a
n’z*| 4 2

Similarly, one can calculate the other expectation value:

3nz
<x!> = %(nij J.VZSinzydy
4 0

Once again, this integral is found in the integral table:

) 2( a ]3 n*z® (n°z% 1). nz
<X°> = —|— - ——|sin2nz ———cos2nrx
a\nrz 6 4 8 4

_ o 2a* |2’ nxm| aZF_ 1]
n®z®| 6 4 3 2n°z? ]

Then, by subtracting these, one has the result:

<x?>-<x>? = azF— L l} a’ |1 L }
216 nz?

Score for Page
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3. (10 points) Give the simplest form of each of the following commutators (where x, y, and z are the co-ordinates of a
particle relative to some origin, and r is the distance of the particle from the origin):

(a) [x,i}f = ﬂ__(f) Y L T
dx dx dx  dx
"l
Therefore, | X,—| = -1
dx
o | %S|t = i——(f)zxd_f_%f_xd_f _ 0
Therefore, {X,i} =0
dy
) {i XY}f = —(ny)—xyi = xyd—f+xf dy—xyd—]c = xf
dy dy dy dy ~dy
b
Therefore, |—,Xy| = X
dy
[i,r}f = —(rf) - ri = fﬂ I’i _ rd_f
@ dx dx o dx
dr d 1 1 X
= f— = f—\x"+y" +z f(_j ) = =f
dx ( )l 2 (X +y2+z )1 r

Score for Page
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4. (15 points) For the following functions and operators, determine whether the function is an eigenfunction of the operator.
If it is, indicate the eigenvalue. Show your work below the box.

Operator Function Eigenfunction? Eigenvalue, if there is one.
d .
— explikx MY N ik
dx p( ) es o
d
I \/gsm(m) “Yes ¥ No
dy a a
L’ ivm(e, 9) + \/ZYzo (0,9) M Yes "I No 22+Dn* = 6h*
V3 3
- — Aexp| —— O Yes ¥ No
drgy 1 a,
d .
dx EXp(_ Iky) M Yes "I No 0

iexp(ikx) = ikexp(ikx)
dx

i\/Zmn[n_ﬂyj = n_ﬂ. gcos[n_ﬂyj
dy Va a ala a

2) 1 2 _ zi 2 3
'—{EY21(9,¢)+ 5Y20(9,¢)} = L ﬁY21(9,¢)+L\EYzo(9,¢)

= % L2Y21 + \/%LZYZO = % (2)(2 + 1)h2Y21 + \/%(2)(2 + 1)h 2Y20 _

)2 +1)h2{%vzl 0.4) + \EYZO ®, ¢)}

2
_ 1t e—(Aexp(—LD # constant x Aexp(—Lj
Are, 1 a, a,

diexp(—iky) = 0 = O0xexp(-iky)
X

Score for Page
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5. (15 points) (a) What is the energy of the lowest-energy state of the particle having the mass of an electron in a one-
dimensional box that is exactly 1 micron (10'6 m) in width?

This is a particle in a one-dimensional box. The energy of this particle is given by the following formula:

h2
= amaZ n?, where the lowest-energy state has the quantum number 1. Using the mass of the electron,
ma

the size of the box and the value of Planck’s constant, one gets the result:
(6.6260755x10* 3 51
8(9.1093897 x 107 kg)(lO’6 m)2

n

= 6.025x10°%* J

1

(b) Suppose there was a transition from the state of part (a) to the next-highest energy state. Calculation the energy
absorbed in this transition? What is the wavelength of radiation corresponding to this transition?

This is a calculation of the energy difference. The next-highest energy state has n = 2.
h? 3h? 3(6.6260755x107%* J 5)?

AE = E, - E = 22 -1%) = =
? ! 8ma’ ( ) 8ma’ 8(9.1093897 x10~*'kg)(10~° m)?

= 1.807x107%]

This must be converted to a wavelength, using Planck’s constant and the speed of light:
hc
AE = hy = 0 which gives

-34 8 -1
_ he _ (66260755x10*)5)(2.09792458x10°ms ™) _ o

AE 1.807x10°5J

Score for Page
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6. (10 points) For the phrases in column A indicate the appropriate definition from column B by placing the number in the
blank to the left of the phrase:

A B
9 Blackbody radiation 1. &op, =2 —
1 Heisenberg’'s uncertainty 5 L
principle mv
3. Eigenfunctions of the square of the angular momentum

4 Hermite polynomials

) 4. Included in the harmonic-oscillator wave functions
5 Laguerre polynomials

) ] 5. Included in the hydrogen-atom wave functions
8 Wave-particle duality

(o2}

. Ejection of electrons

7. The linear momentum of an electron in an orbit is quantized.

8. The characteristic demonstrated by the experiments of
Davisson and Germer

9. Emission spectrum by a body that is in equilibrium with a
radiation field specified by a temperature T

10. Translational wave functions

Score for Page
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7. (10 points) For the quantum mechanical 1-D harmonic oscillator, the virial theorem says that
<T> = <V >,
where T is the kinetic-energy operator and V is the potential-energy operator. Knowing that the expectation values of the
linear momentum and the position are zero, use this result to find the product of the standard deviations, o ,o,, for a
<p®>

k
harmonic oscillator in the n = 3 state. [HINT: E = <T> + <V > = —om + —< X% >, where k is the
m

force constant and m is the particle’s mass. o, = \/< A*>—< A>?]

First, since the expectation value of the position and momentum are known to be zero, one has the following
results:

o, = N<x’>

By definition of the quantities, it is known that
<p’> = 2m<T>

2
<x’> = =Z<V>

Since the expectation values of the kinetic and potential energies are the same, one may substitute these into the
definition of the product of the standard deviations to give

0,0, = <x><p’> = \/4%<V><T>.

But one knows the sum of the energies:

1
E = [3+Ejh% = <T> + <Vo>.
Since the problem states that the two expectation values are equal, one has the result that:
1 7
<T> = <V> = —E = —ho,.
2 4

This gives the following result

Using the definition of equation 11.36 in the Handbook, this reduces to:

0,0, = 4—9h2 = Zh
4 2

Score for Page
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8. (15 points) What is the likelihood that the electron resides in the region 0 <r < a, for a 1s electron of a hydrogen atom?

First, one needs the radial function. This is given by:

Ro(r) = Aexp(— aL]

0
This function must be normalized, and that is done by the following requirement on the function:

J'Rfo(r)rzdr = 1.
0

Substitution gives a value for A.
+00
2r
Az.fexp ———r¥dr = 1.
0 a0

The integral in this equation can be found on integral table in your Handbook.

I
A? 2 = 1

)

This gives the value for A:
2

3/2°
a0

A =

Then, the probability of finding the particle in that range is given by the integral:

P(0,a,) = J'Rfo(r)rzdr = isj-exp(—gjrzdr
0 aOO aO

Changing variables is convenient, so substitution gives
1 2
PO.a;) = - Jexpl-z)r'dr.
0

where
2r
a,

¥ =
The integral can be evaluated by parts.
[emnzidy = —(r? +27+2)exp(- 2)
Substitution into the probability equation and evaluating the definite integral gives
P(0,a,) = %[— (22 +2x2+2)exp(-2) + (0+)+2)exp(-0)]
= 1 - 5exp(-2) = 0.3233236

Score for Page




NAME: CHEM 444, Exam 2, Spring, 2007, page 9

9. (5 points, extra credit) The wave function for a particular particle is a sum of momentum eigenfunctions, where the c, and
k, are constants:

Y(x) = icnexp(iknx).

n=1
A measurement of the momentum give ks . Give answers to the following question in terms of 7 and the constants in the
above definition of the wave function.

(&) What was the probability of obtaining the ks 7 result?

*

The probability of obtaining the ks result is given by the square of the coefficient for thatterm: P, = c.C,

(b) What is the wave function after the measurement?

The measurement has put the system in the fifth state, so after measurement, W, = exp(iksx).

(c) What is wavelength of the particle after the measurement?

The state of the system has the definite wavelength of the fifth state. The wavevector of this state is ks, so the

2r
wavelength is simply 4 = —

5

Score for Page




