1.1 Introduction

The objective of this report was to develop algorithms for optimization of least
square best fit geometry for various geometric e ements. The matlab code implementation
was done for the various geometries and tested with the real data points obtained from
co-ordinate measuring machines. The various geometries that were studied here are as
follows:

Linesin a specified plane

Linesin three dimension

Planes

Circlesin a specified plane

Spheres and

Cylinders

This report was written in such a way that someone who has some knowledge of
Linear Algebra and curve fitting could easily follow. The concise abstract of various
papers that the authors referred is given as Appendix 1 and 2. It is advised to go through
the Appendix before starting to read the report. The least square best-fit reference
element to Cartesian data points was only established in this report.

1.2.L east Squares Best Fit Element

The application of least square criteria can be applied to a wide range of curve
fitting problems. Least square best-fit element to data is explained by taking the problem
of fitting the data to a plane.

Thisisaproblem of parametrization. The best plane can be specified by a point C
(X0 ,Yo ,Zo) ON the plane and the direction cosines (a, b, ¢) of the normal to the plane. Any
point (X,y,z) on the plane satisfies v
A
a(x- Xo)+b(y- yo)tc(z- ) =0 (1.2.1)

Figure 1.2 General Plane Geometry



The distance from any point A (x; ,Yi, z) to a plane specified above is given by
di = aXi - Xo)+b(Yi - Yo)+C(zi - Zo) (1.2.2)

The sum of squares of distances of each point from the planeis
0
F= & d? (1.2.3)

Hence our problem is to find the parameters (Xo ,Yo ,Zo) and (ab,c) that minimizes the
sum F.

1.3 Optimization

Consider afunction

=)

Q

E(u) = i

I Q
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which has to be minimized with respect to the parametersu = (U .... Un)"
Here in this case d; represents the distance of the data point to the geometric element
parameterized by u.

1.3.1Linear Least Squares

The conventional approach used in the standard textbooks for least square fitting of a
straight line is described below for the understanding. The matrix formulation of the
problem is also explained in detail, asit is very useful when solving large problems.

Consder fitting a straight line
y=a+ bx (2.3.1.1)

through a set of data points (x,V;), i=1 to n. The minimizing function minimizes the
sum of the squares of the distances of the points from the straight line measured in the
vertical direction. Thus

A 2
F=4a(yj-a-bx) (1.3.1.2)
i=1
isthe minimizing function. A necessary condition for f to be minimum is
i i
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Thus partial differentiation of the above function with respect to aand b gives



2(-1A (y; - a- bx) =0

i=1

i (1.3.1.4)
2(-x)a (¥ - a- bx) =0

These can Il;(lesimplified as
én Y = na+b§n1 X,
= = (1.3.1.5)

g 3 o

a xy =aa x - ba X

i=1 i=1 i=1
The equations above can be solved ssimultaneously to give us the values for aand b.

1.3.2 Normal equation

Consder to fit astraight line, y = atbx, to the set of data (x1,y1), (X2,¥2),--., (Xn,
Yn). If the data points were collinear, the line would pass through n point. So

yr=a+bxg (1.3.2.1)
y2=a+bx;
y3=a+ bxs
Yn=a+ bx
It can be written in a matrix form
&0 & X,
u U«
XV, - X, -éal
e .29:% 2Ua | (1.3.2.1)
€:0 & by
e u gL U
EalnlJ XnU
.o & X
u u P
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Let B=A.2‘J,A=g.L .Z‘J,andp:AL;I (1.3.2.2)
e:u & :u 2oy
e u gl u
EalnlJ XnU

So it can be compacted as B=AP
The objectiveisto find a vector p that minimizes the Euclidean length of the difference

IB-AP]|



if P=P' :ga isaminimize vector, y =a + b x isaleast square straight-linefit. This
can beexplailrJIGd as

IB-AP|? = (y1 - a- bx1)? + (y2 - @- bx2)® + ...+ (Yn - a- bxn)? (1.3.3.3)

if let dp = (y1- a- bx1)?, do = (Y2 - a- bX2)?, ..., dn = (Yn - @- bxp)?

d can be explained as the distance from a point of a data set to afitting line. So

IB-AP|F = d? +d2 +---+d? (1.3.3.49)

Column space
B-AF AInR"

AP

Figure 1.3.3 Finding Normal Equation

To minimize ||B-AP||, AP must be equal to AP" where AP is the orthogonal projection of
B on the column space of A. ThisimpliesB - AP must be orthogonal to the column
space of A. So

(B- AP)AP=0 for every vector Pin R?
This can be written as

(AP)'(B-AP)=0
PTAT (B-AP)=0
PT(ATB-ATAP)=0
(ATB-ATAP)P=0
So A'B - ATAP isorthogonal to every vector Pin R%. Thisimplies

A'B-ATAP =0



ATAP=ATB
Which impliesthat P satisfies the linear system
ATAP=AB (1.3.35)
This equation is called as Normal equation. Thiswill provide the solution for p as
P=(ATA)'A™B (1.3.3.6)

This eguation can be used in the case of least squarefit of a polynomial.

1.3.3 Eigen Vectors and Singular Value Decompasition

From equation (1.3.3.6), (ATA)tisvery difficult to solve. So the alternative
method using singular value decomposition is used to solve P

Singular Value Decomposition

A matrix can be decomposed in 3 matrices
A=USV' (1.3.3.1)

Where U and V are orthogonal matrices, and Sis a diagonal matrix containing the
singular matrix of A

Place A =USV" into the normal equation
(usvH(usvHp=(usvh'B

(VS'U'uUsvP=vSs'U'B
knowing that

u'u =l u'=u" VTV =| vi=yt
So (VS'svP=vS'U'B
Multiplying both sides by V*
(S'svHP=SsU'B
Sisadiagonal matrix; therefore, (SSV')P=SU'B

Multiplying both sidesby S* 2 times



vip=siu'B
Again multiplying both sides by V

vVV'P=VvVSU'B
So the solution for Pis

P=vS'U'B (1.3.3.2)

1.3.4 Gauss-Newton Algorithm

Newton's method is one of the most powerful and well-known numerical methods
for solving aroot finding problem f(x)=0 where f(x) is a non-linear function. This
techniqueis used in applications of linear least squares model of circle, sphere, cylinder,
and cones. To motivate how such an algorithm works, first the Newton method is
described.

Suppose that given afunction f that itsdomain is[ab] , and let x1 [a,b] such that
f'(x)* 0. The Taylor polynomial expansion for f(x) about x is

22
f(x) =f(X) + (x-X)f" () + % ' (x (X)) (1.3.4.1)

where x(x)T [x,X].
Sincef(g) = 0 where g=x, it gives

(x-%)2

0=f(X) + (x-X)f'(X) + ' (X (x))

Newton's method is assumed as |- % | is small. Therefore (p-x)? ismuch small. So

0=f(x) +(q-X)f' (X)

-X :_@
(9-X) £ )
Letq:ul,izuo,andp:-%
Thereforeuy=up+pandp= % (1.3.4.2



y =f(u)

(ugf(un))

W y . f'(Uo)

(Uo f(Uo))
Figure 1.3.4 Theiteration of Newton's method

From figure 1.3.4, the root finding problem y = f(u) can be done by following steps:
1) f(uo) and f'(up) are evaluated

2) atangent lineto graph at the point (uo, f(uo)) isfound. It cutsthe u axisat u;

3) find point u;, and draw atangent to graph at the point u; to find point u,

4) these steps above are repeated until it is converged (closeto u’)

The main ingredients of the algorithm are

a) given an approximate solution, the problem is linearised

b) thelinear version of the problem is solved

¢) the solution of the linear problem is used to update estimate of the solution.

In the linear least square problem, the measurement of how well the geometric e ement
fitsa set of data point can be determined

E=§ d? (134.2)
1

Where d; is a distance from the point to the geometric e ement.

In the case, d; is not linear function; the Gauss - Newton algorithm is useg for finding the
minimum of a sum of squares E. Assuming thereisoneinitial estimateu , solve a linear
least squares system of the form



Where Jisthem" n Jacobean matrix whose i™ row is the gradient of d; with respect to the
parameter u, i.e.,

_ Td
Ji fu
It's evaluated at u, and thei™ component of d is di(u). The parameter is updated as

(1.3.4.4)

u:=u+p (1.3.4.5)

Converged conditions

Steps of Newton's algorithm are repeated until it reaches to a convergent point. Here 3
criteria are relevant for testing for convergence:

1) the change of E should be small

2) thesizeof the update, for instance (p'p)~2 must be small

3) thepartial derivation of E with respect to the optimization parameters, for instance
(99")Y? where g=J"d, should be small.

2. Least Square Best Fit Line

Lines can bein a specified plane (2 Dimensional) or 3 dimensional. Sincethe 2 D
lineisaparticular case of 3 dimensional line, the 3D lineis discussed in detail. The
procedureto fit aline to m data points(x; yi zi), where m3 2, is given below.

Any point (x,y,z) on the line satisfies

(X,y,2) = (Xo, Yo0,Z0) +t(a, b, C) (2.1)
for some value of t.

It is known that the distance from a point to alinein 3 dimension as

d = C"Iui2+ Vi2+ Wi2] (2.2)
2.1 Parametrization
A line can be specified by

1) apoint (Xo, Yo,Zo) on the line and
i) the direction cosines (a, b, c).



2.2 Algorithm Description

The best-fit line passes through the centroid (X, ¥y, Z) of the data and this specifies a
point on L also the direction cosines have to be found out.

)Thefirst step isto find the average of the points x, y and z.

=Sxi/n (2.2.1)

i) The matrix A isformulated such that itsfirst column isx;— X, second column
yi—y and third column z-z

iii) Thismatrix A is solved by singular value decomposition. The smallest singular value
of A issdected from the matrix and the corresponding singular vector is chosen which
the direction cosines (a, b, )

iv) The best-fit planeis specifiedby X, y, z,a bandc.
3 Least Square Best Fit Plane

The procedure to fit a plane to m data points(X; ;. z), where m3 3, is given below.
Any point (X,y,z) on the plane satisfies

a(X-Xo) +b(y-Yo )+¢(z-2, )=0. (3.1)
It is known that the distance from a point (; yi, zi) to a plane specified by Xo, Vo, 20,8, b
and cisgiven by

di = a(x-Xo)+0(y-yo )+c(z-2, ) (3.2)
3.1 Parametrization
A plane can be specified by
i) apoint (Xo, Yo,Zo) 0on the plane and
iv) the direction cosines (a, b, ¢) of the normal to the plane
3.2 Algorithm Description
The best-fit plane passes through the centroid (xbar, ybar, zbar) of the data and this
specifies a point on P also the direction cosines have to be found out.
For this, (a,b,c) isthe eigen vector associated with the smallest eigen value of
B=ATA

)Thefirst step isto find the average of the points x, y and z.



Sx/n (3.2.1)

i) The matrix A isformulated such that itsfirst column isx— X, second column
yi—Yy and third column z-Z

i) Thismatrix A is solved by singular value decomposition The smallest singular value
of A issdected from the matrix and the corresponding singular vector is chosen which
the direction cosines(a, b, ¢)

V) The best-fit planeis specified by X, ¥y, Zz,a bandc.
4 Least Square Best Fit Circle

The procedure tofit a circle to m data points (xi,y;) , where m? 3, is given below.
Any point (X, y) on the circle satisfies

(X -Xo)” + (¥i - o) = 1 (4.1)

It is known that the distance from a point (x; y;) to acircle specified by xo y, andr and is
given by

d=ri—r (4.2)
wherer; = (X -Xo) + (Vi - Yo)°]

and the elements of the Jacobean matrix J are found from the partial derivative of d; with
respect to the parameter X, yoand r is given by

idi .

'HX(_J =-(xi- x0)/ri (4.3)
%:-(xi- X0) /ri

i _

qr
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4.1 Parameterization

A circle can be specified by
) its center (xo y,) and
i) itsradiusr.

4.2 Algorithm Description

The algorithm that is used to find the best-fit circle is Gauss-Newton algorithm, which is
explained already. First theinitial estimates are to be found then the Gauss-Newton
algorithm isimplemented. Theinitial estimates of the center and radius of the circle are
made by solving the problem as a linear least square model. The steps that are followed
are asfollows

1) Minimization of F
F=af?

i=1 (4.2.1)
where

i) This can bereduced to alinear systemin Xo, yoand r as,

f, :(Xi - Xo)2 +(Yi - YO)Z' re,

= '2XiX0 - ZYiYO +(X§ + yg - r2)+(xi2 +Yi2)1

(4.2.2)
wherer is
Xo +Yo -7
iii)For minimizing F, the linear least squares system is solved
éx, U (4.2.3)
é
AgYo=b
&r f

where the elements of theith row of A are the coefficients (2x;,2yi,-1) and the
ith element of bis

2 2
Xr+yr

iv) An estimate of r is obtained from the equation of r .

Oncetheinitial estimates are obtained the right hand side vector d and Jacobean matrix J
are formed.

11



Then the linear least-squares system is solved

The values of the parameters are updated according to the estimates

Xp = Xo TPy,

Yo:= YotPy,,
r:=r+p,.

The above steps are repeated until the algorithm converges.
5 Least Squares Sphere
5.1 Parametrization

A sphereis specified by its center (X,,Y,,z,) and radius r, . Any point on the sphere
satisfiesthe equation (x- x,)? +(y- y,)* +(z- z,)* =r?.

5.2 Initial estimates for center and radius

Choice of a minimizing function

A minimizing function hasto be identified to obtain an initial estimate for the center and
radius. Consider thefunction f1=r, - r wherer, :\/(x- X,)2+(y-y,)>+(z- 2,)*.
Differentiating this function with respect to x,,y,,z, and r, will result in complicated
equations which are difficult to solve.

Therefore, consider the function f2=r? - r?. Thisfunction can be written as

f2=(r -r)r, +r)»2r(r, - r),sincer, +r can be approximated as 2r .
Differentiating this function with respect to x,,y,,z, and r, to obtain initial estimates
center and radius.

Thus the minimizing function to obtain initial estimates for a sphereis f =r? - r?.

Initial estimate math

Expanding f =r”- r?, we get

F=06-%)2+(Yi- ¥o) +(Z - 2)°- 12 =- (2% X, +2Y,Y, +272,) +1 + (X' + Yy’ +7)
where r = (x2 +y2 +22)- r’. Thevariable r isintroduced to make the equation linear.

12



The above set of equations for n set of data points are now represented in matrix form.

e 2% -2y, -2z 10ax,0 & +y; +210 g1
g' 2%, -2y, -2z 1—8%— C;Xz + Y2 + 22 g 2+
¢ S T 9 . N -
8 2X,, -2yn - 2z, 1ﬂgl’ﬂ ex’ +yn+zng gfﬂ
For aleast square solution, f, =0. Introduce matrix notation,

@ 2x -2y, -2z 18 a0 & +y; +20
A:g- 2%, -2y, -2z 1 P_gyo_ d B ZEX§+y§+Z§%_
& 2x, -2y, -2z 15 &rp ex’+y’ +7g

We have AP - B=0. Solve this equation in least square sense to obtain P. This means that

P satisfiesthe equation A" AP = A"B.Theinitial etimatesfor x,,y,,z, and r are
obtained from the above solution for P. Theinitial estimate for the radiusr can be
obtained from therelation r = (X2 +y> +2z2)- r?

5.3 Gauss Newton method

After obtaining the initial estimates for the center and radius r, the Gauss Newton method

isused to arrive at the final values for center and radius.

Minimizing function
The minimizing functionisgivenby d. =r, - r

where 1, = /(- X,)2 + (Y- ¥,)? +(z- 2,)°

i) Building the jacobian matrix
afd, 1d, Td, 7d,0

T = L
g'ﬂd d, 9d, 9d,=-

The dements of the Jacobian matrix aregivenby Gqx_ y. Tz T, ~
¢

gﬂ'd'n i g
etx, Ty, Tz, Tr, o

Evaluating various components of the Jacobian and substituting in the matrix, we get

13



& (X-%) -OWi-Y) -(z-2%) 6
g I’l r]_ I’1 -
¢-(%-%) -(%2-Yo) -(%-2%) =
J:g r, M Iy :
&0 %) o ¥e) - (-z) -
& T r r )

n n n

ii) Solve thelinear least square system JP=-d
aP, 0
¢

0 .

_ 6Py
P=¢ ".
¢p, -

En 5

iii) Increment parameter s according to

X0:X0+ pxo;
Yo=Yt By :
Z,=2,+ P, ;
r.0:r0-'-pl’;

iv) Conver gence condition
Repeat stepstill algorithm has converged. The convergence condition is given by

g=J"disminimum.

6 Gauss-Newton Strategy for Cylinders
Any line can be specified by giving a point on the line and direction cosine

(a,b,c). Soit requires 6 numbersto describealine. Itsconstraint is & + b? + ¢ =1. So
given two of components, the third can be determined. Consider a constraint on aline
wherec =1, avertical line, it is enough to specify two direction cosneaand b. Z can be
determined from the relationship

axtby+cz=0 (5.1)
Sincec=1, z=-ax -by (5.2
So the advantage of this constraint isto minimize 6 parameters to 4 parameters a, b, Xo,
and yo. It also reduces the complication of solve Jacobean matrix and time to evaluate
because the derivatives of distance is computed when using a Gauss-Newton method.

The Gauss-Newton algorithm is modified for the case of acylinder. Itis

14



1) Trandate the coordinate system at beginning of each iteration, so the point on the axis
isthe origin of the coordinate system. It meansthat x =y =0.

2) Rotate the coordinate system so that the direction of the axisis along the z-axis. So
a=b=0 & c=1.

6.1 Rotational Concept

27
us
us
U'2 T v y'
U > y
Uq ,
Uz
X q y

Figure 5.1 Example of how to develop rotational matrices

Consider afigure above, B={ u;, U, us} isrotated to the new basis B'={u';, Uz, U's}, where
Uz, Uy, Uz and U'y, U'z, U'3 are unit vectors. u'y, U’z , and u'3 can be expressed as

ecos(q)u esin(@)u €0
[u'l]B = gsn@) [u'z]B = gcos(g) [u'S]B =804 (5.1.1)
g 0 § g 0 § el

So, the transition matrix from B'to B is

gos(g) -sin(@) Oy
P=gsin@) cos@) 0

(5.1.2
g 0 0 1@
and the transition matrix from B toB' is
écos(q) sn(@) O
P =%sin(@) cos@) O (5.1.3)

g O 0 1§

15



So the new coordinates (x',y',z") can be computed from its old coordinates (x,y,z) by

6y écos(a) sin(@) Ok

U_é& 4 Ué,u
V=g cosa) Ol
&g € 0 0 lpezy
7 Least Squares Best Fit Cylinders
Assume that a cylinder isfitted to m points (xi,yi, z), wherem?3 5
7.1 Parametrization
A cylinder can be specified by
1) apoint (Xo, Yo, Zo) On itsaxis
2) avector (a,b,c) pointing along the axis and
3) itsradiusr

7.2 Initial estimate for a cylinder

(5.1.4)

Let & b, c bethedirection cosine of the axis. Xo, Yo , and z, are a point on the axis, and x;,

Vi, Z;are any point on the cylinder. Then
A2 + BZ + C2 — R2
Where A = c(Yi-Yo ) - b(z - z0)
B=alz-2z)-c(X - Xo)
C =b(xi - Xo) - ayi - Yo)
R = initial estimate for radius.

Substitute into the equation above

[c( Vi-yo) - b(zi - 20)]* +{ &z - 20) - ©xi - Xa)]* + [B(X; - Xo) - &Y - Yo)]*= R®

Thisequation issmplified; it yields
Ax? + By? + CZ* + Dxy + Exz + Fyz + Gx + Hy +lz + J=0

Where A = (b% + ¢?)
B= (& +¢)
C=(@+b’)
D =-2ab
E=-2ac
F=-2bc

(6.2.1)

(6.2.2)

16



G = -2(b* + A)xo + 2aby, + 2aczg

H = 2abxo - 2(a° + ¢?)xo + 2bczo

| = 2acxo + 2bcyo - 2(&°2 + b)zo

J= (0" + ) x2 + (& + ) y2 + (& + b”) z2- 2bcyozo - 2aczeXo - 2abXayo - R
Divide both sides by A

»,,B , C_, D E F G H I J _
X“+—y +—2"+—XxXy+—Xxz2+—yz+—x+—y+—z+—=0
A A A A A A A A A
So
B, C_,. D E F G_ . H I J 2
— Y+ =7+ = Xy+—XZ+—VyYZ+—X+—yY+—Z+—=-X 6.2.3
Ay A A Y A AyZ A Ay A A ( )

This can be written as alinear system

@/AQ
CCIA*
> o SDIA™
?’l 2, XYy X2y Yi4y Xy Ya 744 1%E/A— gxlg
gyg Z22 Xz:)/z X2.22 Y2:Zz X.2 y:z 2.2 ?%F/A_:g-):(gi (6.2.4)
.2 2 .EG/A_ 2:
yn Zn Xnyn ann ynzn Xn yn Zn 16; _ - Xn ﬂ
c;H/A_
CIA~
2IA 5
Thisistheform of ATAP=ATB, and P can be solved as
P=(ATA)'A'B (6.2.5)

Let C=C/A, D'=D/A, E=E/A, F=F/A, G'=G/A, H=H/A, I'=1/A, and J=JA.

Solving for this; if [D'|, |E'|, and |F| are closeto O, then B' closeto 1 implies (abc) = (00
1), and C' closeto 1 implies (abc) =(0 1 0). Otherwise

k= 2 (6.2.6)
(1+B+C)
A =k, B=kB', C=kC', D=kD', E=KE', F=kF', G=kG', I=kI", and J=kJ (6.2.7)

If A andB arecloseto 1
c=(1-C)'?, a=E/-2C', and b’ = F/-2¢'

If Aiscloseto 1, Bisnot closeto 1

17



b'=(1-B)“?, a=D/-2b', and ¢'=F/-2b'

If Aisnot closeto 1
a = (1-A)Y2 b' = D/-2a, and c'=E/-2a

Thedirection (& b' ¢') isnormalized to get the direction (ab c)
7.2.1 Initial estimate for the point on axis
Knowing ( ab c), the definition of the coefficients G, H, | and equation axo + byp

+ ¢z = 0 are used to derive an estimate for (Xo,Yo0,20). Thesewill form into the linear
system as

& 2(b? +c?) 2ab 2c 0 . @0

g 2 2 _%00 g -

¢ 2ab - 2(a” +c”) 2bc <€ "+ _cH= (6.2.1.1)
¢ 2ac 2bc _ 2(a2+b2)§32/0: 9|: L.l
S a b ¢ 20 o,

This equation is solved by using the normal equation ATAP = ATB, where P contains the
initial estimate for the point in the axis.

7.2.2 Initial Estimate for radius
This can be done by using the definition of Jthat is

J= (0" + ) x2 + (& + ) y2 + (& + b”) z2- 2bcyozo - 2aczeXo - 2abXayo - R
So
R*= (b® + ) x2 + (& + %) y2 + (& + b%) z2- 2bcyozo - 2aCzoXo - 2abxeyo —J  (6.2.2.1)

7.3 Algorithm description

1. Trandate of theorigin
Trandate (a copy of) the data so that the point on the axislies at centroid of the point

(Xi’yi’Zi):(Xi’yiizi)-(xc’ycizc) (631)
2. Transform the data by arotation matrix U which rotates (a b ¢) to a point the z-axis

gyi = UC}Yi - (6.3.2)

&z, 6 &z, 6

whereU is

18



xc, 0 s,ced 0 00
_¢ 5 +
U=¢0 1 00 ¢ s+
8‘02 0 Czéo =S 015

for thecase (abc) =(100)
& :Ol Cl:11 SZ :-1, C2 = O
Otherwise

c, =c//b* +c?

¢, = (cc, - bs)/y/a? + (cc, - bs,)?

S; =- 81\/3'2 +(cc, - bsl)2

(6.3.3)

s, =-b/Vb® +c?

To rotate the axis of the cylinder, the axis of the cylinder is rotated about x-axis so that it
isnow in the YZ plane. Then the axis of the cylinder isrotated about the y-axis so that it

isnow aong the z-direction.

3. Form theright side vector d and Jacobian matrix

The distance from a point (x,,Y;,z,) tothe cylinder isfound from

d=ri-r
where

JUZ+vZ+w?
r=
vaZ +b? +c?

U= ¢( Yi-Yo ) - b(zi - 20)
Vi=alz - 2o) - ¢(Xi - Xo)
Wi = b(Xi - Xo) - aYi - Yo)

Jacobian matrix is

e X, r, -y =Xz,
_c X,It,  =y,Ir,  -X,z,lIr,
G ; :

é- X Ir, -y Ir, -x.,z.Ir,

(6.3.4)
-¥12,/1 '19
-y,z,0r, -1-
Yorolle T (6.35)
- ynzn/rn - 1;
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4. Solvethe linear |east-squares system

éwxog
prt)?

Jg P, 1=-d (6.3.6)
Chy,

&P o

5. update the parameter estimates according to

(?(09 &(09 ? Pxo 9

Yo+=¢Yor+U'c Py ¢ (6.3.7)
820 P 820 P g' PyoPa - PyoPs g

a0 ap, 0

(; +_ T(; =

&y &lg

r=r+p (6.3.9)

Steps above are repeated until the algorithm has converged. In step I, (a copy of) the
original data set is used rather than a transformed set from a previous iteration.

6. If wewant to present (Xo, Yo, Zo) On the line nearest the origin, then

8@(09 8@(09 ax, +by, +cz 8@9
cYo+=CYo+- 02 y20 > 0 cb+ (6.3.10)
< L a +b"+c -
82021 82021 8%
8 Conclusion

In this report, the least square fitting algorithms for lines, planes, circles, spheres
and cylinders were discussed in detail. They the implementation of the algorithm using
MATLAB and the source code isincluded in the appendix. The mathematical steps
involved in the implementation are also discussed in detail. The summaries of the articles
that were used as reference for doing this project were also included as appendix.
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