
Coordinate System Transformations
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Derivation of the 2D Rotation Matrix
(basis vectors)

θ



ὭǶᴂ 

 

i

j

Coordinate Transformations (2D)

θ

ὭǶᴂ= cos—ὭǶ+  sin—ὮǶ 
Find       in global space:



i

j

Coordinate Transformations (2D)

θ

ὭǶᴂ= cos—ὭǶ+  sin—ὮǶ 

ὮǶᴂ= sin—ὭǶ+  cos—ὮǶ 

ὮǶᴂ 

 

Find       in global space:



Coordinate Transformations

ὭǶᴂ= cos—ὭǶ+  sin—ὮǶ 

ὮǶᴂ= sin —ὭǶ+  cos—ὮǶ 

ὭǶᴂ

ὮǶᴂ
=  

cos— sin—
sin— cos—

ὭǶ
ὮǶ

 



Conversion of Equations to Matrix Form

X’ = X Cos q+ Y Sin q

Y’ = Y Cos q - X Sin q

X = X’ Cos q- Y’ Sin q

Y = X’ Sin q+ Y’ Cos q

From Global to Local:

From Local to Global:

X’

Y’
= Cos   Sin

-Sin   Cos

X

Y

X

Y
= Cos  -Sin

Sin   Cos

X’

Y’



i

j

Derivation of the 3D Rotation Matrix
(basis vectors)

θ

k
Kô



Z Rotation from Global to Local

ὭǶᴂ

ὮǶᴂ

Ὧᴂ

=  
cos— sin— 0
sin— cos— 0
0 0 1

ὭǶ
ὮǶ

Ὧ

 

ὭǶᴂ= cos—ὭǶ+  sin—ὮǶ 

ὮǶᴂ= sin—ὭǶ+  cos—ὮǶ 

Ὧᴂ= Ὧ 



Z axis rotations

From Global to Local:

From Local to Global:

X’ = X Cos qz + Y Sin qz

Y’ = Y Cos qz - X Sin qz

Z’ = Z

X = X’ Cos qz - Y’ Sin qz

Y = X’ Sin qz + Y’ Cos qz

Z = Z’

ὢᴂ

ὣᴂ

ὤᴂ

=  
cos—ᾀ sin—ᾀ 0
sin—ᾀ cos—ᾀ 0
0 0 1

ὢ
ὣ
ὤ

 

ὢ
ὣ
ὤ

=  
cos—ᾀ sin—ᾀ 0
sin—ᾀ cos—ᾀ 0

0 0 1

ὢᴂ
ὣᴂ
ὤᴂ

 



Z Rotation example

Given a vector in Local space:

And a Z rotation from local to global space:

Find the vector in Global Coordinate Space

ὖ
ᴂ

= 10ἱǶ+ 1ὮǶ+ 7Ὧ 

—ᾀ= 30έ 

 
.86 .5 0

.5 .86 0
0 0 1

10
1
7

=  
9.1
4.14
7

 



X Rotation

 Ὑὼ=
1 0 0
0 cos—ὼ sin—ὼ
0 sin—ὼ cos—ὼ

 

X

Y

Z

Z’

ὮǶᴂ= cos—ὮǶ+  sin—Ὧ 

Ὧᴂ= sin—ὮǶ+  cos—Ὧ 

ὭǶᴂ= ὭǶ 



Y Rotation

 Ὑώ=
cos— 0 sin—

0 1 0
sin— 0 cos—

 

X

Y

Z

Z’

ὭǶᴂ= cos—ὭǶ sin—Ὧ 

Ὧᴂ= sin—ὭǶ+  cos—Ὧ 

ὮǶᴂ= ὮǶ 



Translations of Bodies in 3D

Y

X
Z

ὕ= ὕὼἱǶ+ ὕώὮǶ+ ὕᾀὯ 

ὕ 



Translations and Rotation

(Local to Global)

Y

X
Z

ὕ 

ὖ= Ὑὖ
ᴂ
+  ὕ 

X’

z’

y’

P

P’
P’



Translations and Rotation

(example)

Y

X
Z

X

Y

Z

An object rotates 45 degrees

about  X axis and

translates:

Ox=100, Oy=200, Oz=-50

Find P in Global Space?

ὖ
ᴂ

= 10ἱǶᴂ+ 10Ὦᴂ+ 0Ὧᴂ 



Translations and Rotation

(example)

Y

X
Z

X

Y

Z

Step 1: Find the Rotation from 

Local Space to Global Space:

ὖ
ᴂ

= 10ἱǶᴂ+ 10Ὦᴂ+ 0Ὧᴂ 

Ὑ  =  
1 0 0
0 .707 .707
0 .707 .707

 



Translations and Rotation

(example)

Y

X
Z

X

Y

Z

Step 2: Transform

ὖ
ᴂ

= 10ἱǶᴂ+ 10Ὦᴂ+ 0Ὧᴂ 

ὖὼ
ὖώ
ὖᾀ

=
1 0 0
0 .707 .707
0 .707 .707

10
10
0

+  
100
200

50
  

ὖ= Ὑὖ
ᴂ
+  ὕ 

= 
110

207.07
42.93

  



Translations and Rotation

(example)

Y

X
Z

X

Y

Z

= 
110

20.7.07
42.93

  P



ὖ= Ὑὖ
ᴂ
 

ὖ
ᴂ

= Ὑὸὖ 

ὖ
ᴂ

= ὙὸὙὖ
ᴂ
 

Ὅ= ὙὸὙ  

 

substitution:

therefore:

Rotation Matrices are orthonormal



Rotation Matrices are orthonormal

•The inverse is equal to the transpose

•The dot product of any two rows is zero

•The dot product of any two columns is zero

•The magnitude of any row or column is one



Three Markers are used to 
define the local coordinate 

systems



Degrees of Freedom

Numberof independent parameters that 
are necessary and sufficient to uniquely 
define the position and orientation of a 
rigid body (or system of bodies)



Degrees of Freedom

Y

X
Z

How many degrees of freedom does the femur have? 

Answer:  6 dof 

Generalized coordinates: 3 translational (X,Y,Z),   
3 rotational qx, qy, qz



Degrees of Freedom

Y

X
Z

How many independent pieces of information do we get 
from one target? 

Answer: 3 (X, Y, Z)



Degrees of Freedom

Y

X
Z

How many independent pieces of information do we get 
from the second target? 

Answer: 2

We have one constraint :
distance between the targets is fixed



Degrees of Freedom

Y

X
Z

How many independent pieces of information do we get 
From the third target? 

Answer: 1

We have two constraints:
distances between the targets are fixed



Local Coordinate Systems 
From Motion Capture Data



Anatomical Coordinate Systems  (thigh)
How to calculate the anatomical coordinate systems

2)  Find the Knee center

3) Find the Inferior/Superior Axis
unit vector = (l1, m1, n1)

4) Find the the A/P axis (using the Hip, Knee 
and Lateral Knee Targets) 
unit vector =  (l2, m2, n3)

5) Find the M/L axis via X product
unit vector = (l3, m3, ns)

 ὙὸὬὭὫὬ=
ὰ1 ὰ2 ὰ3
ά1 ά2 ά3

ὲ1 ὲ2 ὲ3

 

1)  Find the Hip center



Problem: Calculating the anatomical 
coordinate system requires a target 
(medial knee) not used during the 

walking trial



Solution: Create a virtual medial knee 
target which can be located during 

the motion trials



Step 1: Creating the temporary local coordinate system

1) Select one Point (Lateral Knee) as Origin 

2) Find the unit vector from
origin to a second tracking target
unit vector = (lt1, mt

1, nt
1)

3) Use the 3 targets to find a plane and 
the second axis
unit vector = (lt2, mt

2, nt
3)

4) Find the third axis via X product
unit vector = (lt3, mt

3, nt
s)

 ὙὸὩάὴ =

ὰὸ1 ὰὸ2 ὰὸ3
άὸ1 άὸ2 άὸ3
ὲὸ1 ὲὸ2 ὲὸ3

 



Step 2: Storing the virtual lateral knee target

1) Start with the tracking based local 
coordinate system (Rtemp)

2) Find the vector (P) from
origin to the medial knee calibration 
Target*  (in global coordinate System)

P

3) Transform P into the tracking coordinate
ǎȅǎǘŜƳ όtΩύ ǳǎƛƴƎ

Ψ
 ὖ
ᴂ

= ╡◄▄□▬
◄ὖ ╞ 



1) Create the tracking based local 
coordinate system (Rtemp)

нύ wŜŎŀƭƭ ǘƘŜ ǎǘƻǊŜŘ ǾŜŎǘƻǊ όtΩύ ŦǊƻƳ
origin to the calibration target 
(in tracking coordinate system)

P

оύ ¢ǊŀƴǎŦƻǊƳ tΩ ƛƴǘƻ ǘƘŜ Ǝƭƻōŀƭ ŎƻƻǊŘƛƴŀǘŜ
system (P) using:

Ψ
ὖ= ╡◄▄□▬ὖ

ᴂ
+  ╞ 

4) Use the tracking targets(including 
virtual) to find anatomically based
coordinate system

Step 3: Find the anatomical system during movement



Anatomical Coordinate Systems  (shank)
How to calculate the anatomical coordinate systems

2)  Find the Ankle center

3) Find the Inferior/Superior Axis
unit vector = (l1, m1, n1)

4) Find the the A/P axis (using the knee, 
ankle and lateral ankle targets) 
unit vector = (l2, m2, n3)

5) Find the M/L axis via X product
unit vector = (l3, m3, ns)

 
ὰ1 ὰ2 ὰ3
ά1 ά2 ά3

ὲ1 ὲ2 ὲ3

 

1)  Find the Knee center



Problem: Again calculating the 
anatomical coordinate system 

requires a target (medial ankle) not 
used during the walking trial



Solution: Again we create a virtual 
medial knee target which can be 
located during the motion trials



1) Select one Point (lateral ankle) as Origin 

2) Find the vector from
origin to a second tracking target
unit vector = (lt1, mt

1, nt
1)

3) Use the 3 targets to find a plane and 
the second axis
unit vector = (lt2, mt

2, nt
3)

4) Find the third axis via X product
unit vector = (lt3, mt

3, nt
s)

 ὙὸὩάὴ =

ὰὸ1 ὰὸ2 ὰὸ3
άὸ1 άὸ2 άὸ3
ὲὸ1 ὲὸ2 ὲὸ3

 

Step 1: Creating the temporary local coordinate system



1) Start with the tracking based local 
coordinate system (Rtemp)

2) Find the vector (P) from
origin to the medial ankle calibration 
Target*  (in global coordinate System)

P

3) Transform P into the tracking coordinate
ǎȅǎǘŜƳ όtΩύ ǳǎƛƴƎ

Ψ  ὖ
ᴂ

= ╡◄▄□▬
◄ὖ ╞ 

Step 2: Storing the virtual lateral knee target



1) Create the tracking based local 
coordinate system

нύ wŜŎŀƭƭ ǘƘŜ ǎǘƻǊŜŘ ǾŜŎǘƻǊ όtΩύ ŦǊƻƳ
origin to the calibration target 
(in tracking coordinate system)

P

оύ ¢ǊŀƴǎŦƻǊƳ tΩ ƛƴǘƻ ǘƘŜ Ǝƭƻōŀƭ ŎƻƻǊŘƛƴŀǘŜ
system (P) using:

Ψ

4) Use the tracking targets (including 
virtual) to find anatomically based
coordinate system

ὖ= ╡◄▄□▬ὖ
ᴂ
+  ╞ 

Step 3: Find the anatomical system during movement







Y

X
Z

Y

X
Z

About the x axis

a

About the y axis

b

About the z axis

g

Orientation of Bodies in 3D



The final orientation depends

on the rotation sequence

About the x axis

About the y axis

About the y axis

About the x axis

Y

X
Z



Rotation Matrices 3D
(—ὼ ,—ώ ,—ᾀ )  

Ὑ= ὙᾀὙώὙὼ 

•Rotation’s  depend on the order they are applied



ὙώὙὼ=  

cos—ώ 0 sin—ώ
0 1 0

sin—ώ 0 cos—ώ

1 0 0
0 cos—ὼ sin—ὼ
0 sin—ὼ cos—ὼ

 

Rotation Matrices 3D

ὙώὙὼ=  

cos—ώ sin—ώsin—ὼ sin—ώcos—ὼ
0 cos—ὼ sin—ὼ

sin—ώ cos—ώsin—ὼ cos—ώcos—ὼ

 

Ὑ= ὙᾀὙώὙὼ 



Rotation Matrices 3D

Ὑ= ὙᾀὙώὙὼ 

ὙᾀὙώὙὼ=  
cos—ᾀ sin—ᾀ 0
sin—ᾀ cos—ᾀ 0
0 0 1

cos—ώ sin—ώsin—ὼ sin—ώcos—ὼ
0 cos—ὼ sin—ὼ

sin—ώ cos—ώsin—ὼ cos—ώcos—ὼ

 

ὙᾀὙώὙὼ=  

cos—ᾀcos—ώ cos—ᾀsin—ώsin—ὼ+  sin—ᾀcos—ὼ cos—ᾀsin—ώcos—ὼ+  sin—ᾀsin—ὼ
sin—ᾀcos—ώ sin—ᾀsin—ώsin—ὼ+  cos—ᾀcos—ὼ sin—ᾀsin—ώcos—ὼ+  cos—ᾀsin—ὼ

sin—ώ cos—ώsin—ὼ cos—ώcos—ὼ

 



A body with  orientation relative to global space xrot=90, yrot=0, zrot=90

Contains a vector of P’=3i + 2j + 4K

A second body with  orientation relative to global space xrot=0, yrot=90,

zrot=0

Contains a vector of P’=5i + j + 3K

What is the angle between the vectors?

Rotation  (example)



Translations of Bodies in 3D

Y

X
Z

ὕ= ὕὼἱǶ+ ὕώὮǶ+ ὕᾀὯ 

ὕ 



Translations and Rotation

(Local to Global)

Y

X
Z

ὕ 

ὖ= Ὑὖ
ᴂ
+  ὕ 

X’

z’

y’

P

P’
P’



Translations and Rotation

(example)

Y

X
Z

X

Y

Z

An object rotates 45 degrees

about  X axis and

translates:

Ox=100, Oy=200, Oz=-50

Find P in Global Space?

ὖ
ᴂ

= 10ἱǶᴂ+ 10Ὦᴂ+ 0Ὧᴂ 



Translations and Rotation

(example)

Y

X
Z

X

Y

Z

Step 1: Find the Rotation from 

Global to Local Space:

ὖ
ᴂ

= 10ἱǶᴂ+ 10Ὦᴂ+ 0Ὧᴂ 

1 0 0
0 cos—ὼ sin—ὼ
0 sin—ὼ cos—ὼ

 =  
1 0 0
0 .707 .707
0 .707 .707

 



Translations and Rotation

(example)

Y

X
Z

X

Y

Z

Step 2: Find the Rotation from 

Local Space to Global Space:

ὖ
ᴂ

= 10ἱǶᴂ+ 10Ὦᴂ+ 0Ὧᴂ 

Ὑὸ =  
1 0 0
0 .707 .707
0 .707 .707

 



Translations and Rotation

(example)

Y

X
Z

X

Y

Z

Step 3: Transform

ὖ
ᴂ

= 10ἱǶᴂ+ 10Ὦᴂ+ 0Ὧᴂ 

ὖὼ
ὖώ
ὖᾀ

=
1 0 0
0 .707 .707
0 .707 .707

10
10
0

+  
100
200

50
  

ὖ= Ὑὸὖ
ᴂ
+  ὕ 

= 
110

192.93
42.93

  



Translations and Rotation

(example)

Y

X
Z

X

Y

Z

= 
110

192.93
42.93

  P



Translations and Rotation

(example)

A femur is located at Position:

It is orientation is defined by:

We know that the origin (in the femur coordinate system) 

of the gastrocnemius medial head is:

Find the origin of the gastrocnemius medial head on Lab space

ὖ
ᴂ

= 25ἱǶᴂ 25ἲǶᴂ 400Ὧᴂ 

—ὼ= 30έ,  —ώ= 0έ,  —ᾀ= 0έ 

ὕ= 200ἱǶᴂ+ 1000ἲǶᴂ+ 800Ὧᴂ 



Translations and Rotation

(example)

Ὑ=  
1 0 0
0 .87 .5
0 .5 .87

 Ὑὸ=  
1 0 0
0 .87 .5
0 .5 .87

 

ὖ= Ὑὸὖ
ᴂ
+  ὕ 

ὖὼ
ὖώ
ὖᾀ

=
1 0 0
0 .87 .5
0 .5 .87

25
25

400
+  

200
1000
800

  



Translations and Rotation

(example)

ὖὼ
ὖώ
ὖᾀ

=
1 0 0
0 .87 .5
0 .5 .87

25
25

400
+  

200
1000
800

  

ὖὼ
ὖώ
ὖᾀ

=
25

21.75 + 200
12.5 +  348

+  
200
1000
800

  

ὖὼ
ὖώ
ὖᾀ

=
175

1178.25
439.5

  


