Coordinate System Transformations




Derivation of the 2D Rotation Matrix
(basis vectors)




Coordinate Transformations (2D)

Find ﬂlh global space:
‘> cos—Ru sin—Qu



Coordinate Transformations (2D)

° J

e L

Find ""ﬂm global space:
‘B sin—& cos—RU



Coordinate Transformations

‘B cos—Ru sin—®U

~d

' sin —®y cos—BU

B  cos— sin— &

~d ~d

U  sin— cos— ®&U



Conversion of Equations to Matrix Form

From Global to Local:

X" = K+Xng :> x| _[cos sin || x
Y' = Y-XCns Y’ -Sin Cos||Y

From Local to Global:

X = Xy-YCospin {x}{c:os-st{x}
v = xq+ s\n’nqus::> Y Sin Cos || Y’




Derivation of the 3D Rotation Matrix
(basis vectors)




Z Rotation from Global to Local

"B cos—® sin —®U

~d

B sin—®&y cos—BU
T@: ’E’Q
B cos— sin— 0 ®u

®= sin— cos— 0 ®U
Qe 0 0 1 O



Z axis rotations

From Global to Local:

X' = MNHz+Q@ &isgz = Cos—  Sin—+ 0 ®

_ W= sin— cos+ 0 ®
Y™ = ¥z-X8irsqgz Cee 0 0o 1B
Z'’ = Z

From Local to Global:

X = Xbz-€os&i n @) cos—  sin— 0 @ee
> W = sin cos— O dee
Y = Xdz Si g Cos W 0 0 1 Gee

Z = 7'



/ Rotation example

Given a vector in Local space:

0= 10iH 1'®b 770

And a Z rotation from local to global space:

Find the vector in Global Coordinate Space

.86 .5 0 10 9.1
5 .86 0 1 = 414
0 o 1 7 7



X Rotation
T
& cos—Bb sin—Q

~

‘(¥= sin—®b cos—Q




Y Rotation

% "B cos—AU sin—Q
& "RU

(= sin—®& cos—Q

/X’
> X

cos— 0 sin—
Y, = 0 1 0
sin— 0 cos—



Translations of Bodies in 3D

C:|

0 = OgjH 0 6 gQ



Translations and Rotation
(Local to Global)




Translations and Rotation
(example)

0 = 10ifs 10°6+ O°C®

An object rotates 45 degrees
about X axis and

translates:

Ox=100, Oy=200, Oz=-50

Find ” in Global Space?




Translations and Rotation
(example)

0 = 10ifs 10°6+ O°C®

Step 1: Find the Rotation from
Local Space to Global Space:

1 O 0
Y = 0 .707 707
0 .707 .707




Translations and Rotation
(example)

Step 2: Transform

- e =

L=Y0 + U
Goo 1 0 0O 10 100 110
0, = 0 .707 707 10 + 200 = 207.07
% 0 .707 .707 O 0 4293



Translations and Rotation
(example)

110
P= 20.7.07
42 .93



Rotation Matrices are orthonormal

- L
U= YU
- a5
U = YU
substitution:
g
U = Y'Y

therefore: O YOY



Rotation Matrices are orthonormal

The inverse Is equal to the transpose
The dot product of any two rows Is zero
The dot product of any two columns is zero

The magnitude of any row or column is one




Three Markers are used to
define the local coordinate
systems



Degrees of Freedom

Numberof independent parameters that
are necessary and sufficient to uniquely
define the position and orientation of a
rigid body (or system of bodies)




Degrees of Freedom

How many degrees of freedom does the femur have?

Answer: 6 dof

X Generalized coordinates: 3 translational (X,Y,Z),
3 rotational gx, y,Qz Q



Degrees of Freedom

How many independent pieces of information do we get
from one target?

X Answer: 3 (X, Y, Z)



Degrees of Freedom

How many independent pieces of information do we get
from the second target?

Answer: 2

X We have one constraint :
distance between the targets is fixed



Degrees of Freedom

How many independent pieces of information do we get
From the third target?

Answer: 1

X We have two constraints:
distances between the targets are fixed



Local Coordinate Systems
From Motion Capture Data



Anatomical Coordinate Systems (thigh)
How to calculate the anatomical coordinate systems

1) Find the Hip center

2) Find the Knee center

3) Find the Inferior/Superior Axis
unit vector = (I, m,, n,)

4) Find the the A/P axis (using the Hip, Knee
and Lateral Knee Targets)
unit vector = (I, m,, n,)

5) Find the M/L axis via X product
unit vector = (I3, m;, n,)

a G G
Yoomo= a1 A dg
€1 €2 &3



Problem: Calculating the anatomical
coordinate system requires a target
(medial knee) not used during the
walking trial



Solution: Create a virtual medial knee
target which can be located during
the motion trials



Step 1: Creating the temporary local coordinate system

1) Select one Point (Lateral Knee) as Origin

2) Find the unit vector from
origin to a second tracking target
unit vector = (I*;, m';, n,)

3) Use the 3 targets to find a plane and
the second axis
unit vector = (I*,, mt,, n%,)

4) Find the third axis via X product
unit vector = (I';, mt;, n*)

1 & &
. _ 20 Lo 2 0
Yopg = A% A Qa3
€% €% &9



Step 2: Storing the virtual lateral knee target

1) Start with the tracking based local
coordinate system (Rtemp)

2) Find the vector (P) from
origin to the medial knee calibration
Target* (in global coordinate System)

3) Transform P into the tracking coordinate
aeausSy ot Q0 dzaAy3

SN -




Step 3: Find the anatomical system during movement

1) Create the tracking based local
coordinate system (Rtemp)

HO wSOIlFff GKS adg2N
origin to the calibration target
(in tracking coordinate system)

o0 CNJIYAT2NY t Q AVYI
system (P) using:

T=4 5™ F

4) Use the tracking targets(including
virtual) to find anatomically based
coordinate system




Anatomical Coordinate Systems (shank)
How to calculate the anatomical coordinate systems

1) Find the Knee center

2) Find the Ankle center

3) Find the Inferior/Superior Axis
unit vector = (I, m,, n,)

4) Find the the A/P axis (using the knee,
ankle and lateral ankle targets)
unit vector = (l,, m,, n,)

5) Find the M/L axis via X product
unit vector = (I3, m;, n,)

a &6 &
a; d, dg
€1 € £3



Problem: Again calculating the
anatomical coordinate system
requires a target (medial ankle) not
used during the walking trial



Solution: Again we create a virtual
medial knee target which can be
located during the motion trials



Step 1: Creating the temporary local coordinate system

1) Select one Point (lateral ankle) as Origin

2) Find the vector from
origin to a second tracking target
unit vector = (I*;, m';, n,)

3) Use the 3 targets to find a plane and
the second axis
unit vector = (I*,, mt,, n%,)

4) Find the third axis via X product
unit vector = (I';, mt;, nt)

¢, b s
[ _ ’ c‘) ’ (‘) , c‘)
Yomp = 071 0% O°3
€% €% &9




Step 2: Storing the virtual lateral knee target

1) Start with the tracking based local
coordinate system (Rtemp)

2) Find the vector (P) from
origin to the medial ankle calibration
Target® (in global coordinate System)

3) Transform P into the tracking coordinate

~

528408y 6t Q0 dzaAy3

0= 10 F




Step 3: Find the anatomical system during movement

1) Create the tracking based local
coordinate system

HO wSOFftf GKS adz2NB
origin to the calibration target
(in tracking coordinate system)

o0 C¢CNIYaATF2NY tQ AyQd:
system (P) using:

T=4 5™ F

4) Use the tracking targets(including
virtual) to find anatomically based
coordinate system










Orientation of Bodies in 3D

About the x axis About the y axis About the z axis

o W o S o

Y. ’Y’
)




The final orientation depends
on the rotation sequence

About the x axis About the y axis
About the y axis About the x axis

) K



Rotation Matrices 3D

(oo’ W c'g()

Y= YanYw

cRotation’ s depend on t he



Rotation Matrices 3D

Y = Ya Yoo Yoo
cos— O  sin— 1 0 0
Yy Yo = 0 1 0 0 cos— Sin—

sin— 0 cos— 0  sin— COS—;

COS—;  Sin—5Sin—; Sin — COS—;

Yo Yoo 0 COS— Sin—

Sin—  COS—;SIN—;  COS—;COS—;



Rotation Matrices 3D
‘Y: YanYw

cos— sin—y 0 COS—  SiN—Sin—;
Yo YoYo= sin— cos— O O COS—;

0 0 1 sing cos—sSin—

Sin—;C0S—;
Sin—(;)

COS—; COS—;

COS—5COS—  COS—¢SiN—;SinN—;+ SiN—C0S—; COS—¢SiN—COS—; + SiN—gSiN—;
Yo YoYy=  Sin—C0S—  Sin—SiN—Sin—+ COS—CO0S—;  SiN—SiN—C0S—+ COS—SiN—;

sin—; COS—;Sin—; COS—; COS—;



Rotation (example)

A body with orientation relative to global space xrot=90, yrot=0, zrot=90
Contains a vector of P’ =3I + 2] +

A second body with orientation relative to global space xrot=0, yrot=90,
zrot=0
Contains a vector of P’ =5 + + 3

What is the angle between the vectors?



Translations of Bodies in 3D

C:|

0 = OgjH 0 6 gQ



Translations and Rotation
(Local to Global)




Translations and Rotation
(example)

0 = 10ifs 10°6+ O°C®

An object rotates 45 degrees
about X axis and

translates:

Ox=100, Oy=200, Oz=-50

Find ” in Global Space?




Translations and Rotation
(example)

0 = 10ifs 10°6+ O°C®

Step 1: Find the Rotation from
Global to Local Space:

1 0 o) 1 0 o)
0O cos— sin— = 0 .707 .707
0) Sin—; COS—; 0] 707 .707




Translations and Rotation
(example)

0 = 10ifs 10°6+ O°C®

Step 2: Find the Rotation from
Local Space to Global Space:

10 0
Y= 0 .707 707
0 .707 .707




Translations and Rotation
(example)

Step 3: Transform
T NOTE T
L=Y0U + U

0y 1 0O 0 10 100 110
0, = 0 .707 707 10 + 200 = 19293
% 0 .707 .707 0 ) 42.93




Translations and Rotation
(example)




Translations and Rotation
(example)

A femur is located at Position:

0 = 200if 1000ifs 800°C¥
It is orientation is defined by:

—= 30°, 5= 0f, = OF

We know that the origin (in the femur coordinate system)
of the gastrocnemius medial head is:

0= 25 251 400°CE

Find the origin of the gastrocnemius medial head on Lab space



,5'1 8;'1 8(‘:‘1

Translations and Rotation

(example)
0 1 0 O
5 Y= 0 .87 5
.87 0 .5 .87

- AT o
V=YD + U

0 0 25 200
.87 5 25 + 1000
.5 .87 400 800

1
o ok



_&-l E:;‘leg-l

Translations and Rotation
(example)

1 0 0 25 200
=0 .87 5 25 + 1000
0 .5 .87 400 800
i 25 200
0s = 2175+ 200 + 1000
& 125+ 348 800
O0p 175
0, = 117825

Og 439.5



